Session 5: Teaching through Mathematical Processes
Math Learning Goals
• Develop strategies to assess understanding of the Mathematical Processes.
• Practise assessing through observation.
• Connect the Mathematical Processes to the Achievement Chart.
Rationale
120 min
Minds On…

Action!

Materials
• BLM 5.1–5.8
• Math Process S5
ppt
• sticky notes in 3
colours
• manipulatives
• calculators
• graphing
technology

Individual/Whole Group  Retention Activity
Create three visual timelines ranging from zero to 10 years – one for each learning
method: procedural, conceptual, and using the Mathematical Processes. Participants
place a sticky note on the timeline based on how long they believe a student retains
knowledge acquired through each method.
Individual/Pair  Anticipation Activity
Show the video clip. Reflect on its relevance to retention and life-long learning.
Discuss.
Individually participants identify the Mathematical Process they feel best assesses
the criteria given. They share their choice with a partner justifying their rationale.
Display the answer for each process and allow for questions before proceeding to the
remaining processes.
Distribute BLM 5.1 which contains the complete rubric.

Use a different
coloured sticky note
for each of procedural
knowledge, conceptual
understanding, and
the Mathematical
Processes.

Whole Group  Solve Problems
Designate three sections of the room as Agree, Disagree, and Don’t Know.
Pose the problem: The height of a can of tennis balls is greater than its
circumference. Do you agree? disagree? or don’t know?
After some ‘think time,’ participants to go to the section of the room that matches
their hypothesis and use a variety of manipulatives and strategies to investigate the
problem to prove/disprove their belief. Once they reach a conclusion they have an
option to change sides.
Participants discuss the Mathematical Processes used in the solutions. Ask: Which
processes and criteria from the Generic Rubric for Mathematical Processes could be
used to assess the solution for this problem?

Note: Hidden slides
have possible
solutions to the
problems.
Deck problem has a
solution that can be
done using GSP.

Whole Group  Make Connections
Make connections between problem solving and the Mathematical Processes.
Participants choose a problem they would like to solve and form working groups
based on their selected problem.
Introduce problems (BLM 5.3–5.8) and ask which processes are best suited for
assessment with each problem. Answers: BLM 5.2a –5.2f; others may be appropriate.
Small Groups  Problem Solving/Assessment
Introduce and explain the Fishbowl Strategy.
Process Expectations/Observation/Mental Note: Observe participants’ ability to
use the rubrics to assess the process.

Five Minute University
www.cs.cmu.
edu/~pattis/
videos/5minuteU.wvx

Fishbowl is a
collaborative learning
strategy in which one
group forms an inner
circle and completes
a task, e.g., solve
a problem, discuss.
The second group
forms an outer circle,
quietly observes their
peers, and prepares to
discuss and question
what they observed.

Differentiate content based on participant choice to make activity personally
relevant.
Whole Group  Discussion
Consolidate
Debrief the Fishbowl Strategy task as a group.
Debrief
Make connections between assessment and the Mathematical Processes.

Reflection

Home Activity or Further Classroom Consolidation
In your Journal, reflect on the role the Generic Rubric for the Mathematical
Processes will have in your teaching/assessment practices.
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Interprets mathematical
language, charts, and
graphs

Makes some connections
to the problem-solving
process and models
presented when justifying
answers
Misinterprets part of
the information, but
makes some reasonable
statements

Makes limited connections
to the problem-solving
process and models
presented when justifying
answers
Misinterprets a critical
element of the information,
but makes some
reasonable statements

Level 2

Makes inferences, draws
conclusions and gives
justifications

Level 1
Forms a hypothesis or
Forms a hypothesis or
conjecture that connects
conjecture that connects
few aspects of the problem some of the pertinent
aspects of the problem

Below Level 1
Specific Feedback

Selects, sequences and
applies mathematical
processes to the assigned
task with minimal
prompting
Uses logic to solve
problems but lacks
precision in mathematical
reasoning

Level 2

Reasoning and Proving

Selects, sequences and
applies mathematical
processes to the assigned
task with significant
prompting
Uses minimal logic and
precision in mathematical
reasoning to solve
problems

Level 1

Problem Solving

Formulates and defends a
hypothesis or conjecture

Criteria

Uses critical thinking skills
to solve a problem

Selects, sequences and
applies mathematical
processes appropriate to
the task

Criteria

Below Level 1
Specific Feedback

Thinking

5.1: Generic Rubric for Mathematical Processes

Makes direct connections
to the problem-solving
process and models
presented when justifying
answers
Interprets the information
correctly and makes
reasonable statements

Forms a hypothesis or
conjecture that connects
pertinent aspects of the
problem

Level 3

Solves problems logically
and with precision in
mathematical reasoning

Selects, sequences and
applies mathematical
processes to the assigned
task independently

Level 3

Forms a hypothesis or
conjecture that connects
aspects of the problem
with a broader view of the
problem
Makes direct and insightful
connections to the
problem-solving process
and models presented
when justifying answers
Interprets the information
correctly, and makes
insightful statements

Level 4

Selects, sequences and
applies mathematical
processes to the assigned
task independently with a
broader view of the task
Demonstrates a
sophisticated level of
mathematical reasoning
and precision in solving
problems

Level 4

2

Level 2

Makes some connections
between a prior estimate
and the solution

Mathematical Processes for GAINS Mathematics – Professional Learning, 2008 – Session 5

Transfers ideas to other
contexts and makes
limited connections

Relates mathematical
ideas to situations drawn
from other contexts

Level 1

Level 3

Selects and applies
appropriate tools and
strategies accurately, and
in a logical sequence

Level 3

Makes appropriate
connections between a
prior estimate and the
solution

Makes simple connections Makes appropriate
among mathematical
connections among
concepts and procedures mathematical concepts
and procedures
Transfers ideas to other
Transfers ideas to other
contexts and makes
contexts and makes
simple connections
appropriate connections

Level 2

Selects and applies
appropriate tools and
strategies, with minor
errors, omissions or missequencing

Connecting

Selects and applies
appropriate tools and
strategies, with major
errors, omissions, or missequencing

Level 3
Applies metacognitive
skills independently
in determining which
mathematical process to
revisit in order to reach the
goal

Selecting Tools and Computational Strategies

Level 1

Makes weak connections
among mathematical
concepts and procedures

Below Level 1
Specific Feedback

Below Level 1
Specific Feedback

Makes connections among
mathematical concepts
and procedures

Criteria

Selects and uses tools
and strategies to solve a
problem

Criteria

Makes minimal
connections between a
prior estimate and the
solution

Reflects on the
reasonableness of
answers

Level 2
Applies metacognitive
skills with minimal
prompting in determining
which mathematical
process to revisit in order
to reach the goal

Application

Applies metacognitive
skills with significant
prompting in determining
which mathematical
process to revisit in order
to reach the goal

Level 1

Reflecting

Uses metacognitive
skills to determine which
mathematical processes
to revisit in order to reach
the goal

Criteria

Below Level 1
Specific Feedback

5.1: Generic Rubric for Mathematical Processes (continued)

Transfers ideas to other
contexts and makes
unique, original or
insightful connections

Makes strong connections
among mathematical
concepts and procedures

Level 4

Selects and applies
appropriate and efficient
tools and strategies,
accurately to create
mathematically elegant
solutions

Level 4

Applies metacognitive
skills independently
in determining which
mathematical process to
revisit in order to reach the
goal with a broader view of
the goal
Makes appropriate
connections between a
prior estimate and the
solution and provides
insightful comments

Level 4

3

Uses common language
in place of mathematical
vocabulary or uses key
mathematical terms with
major errors

Uses mathematical
vocabulary appropriately
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Sometimes uses
mathematical symbols,
labels and conventions
correctly

Uses mathematical
symbols, labels, units and
conventions correctly

Level 1

Uses mathematical
vocabulary with minimal
errors or uses some
common language in
place of vocabulary

Uses language that is
somewhat unclear to
make presentations, and
to explain and justify
solutions when reporting
for various purposes and
different audiences
Usually uses mathematical
symbols, labels and
conventions correctly

Level 2

Communicating
Uses unclear language
to make presentations,
and to explain and justify
solutions when reporting
for various purposes and
different audiences

Below Level 1
Specific Feedback

Translates representation
with major errors when
solving a problem

Makes some connections
between numeric,
graphical and algebraic
representations

Makes limited connections
between numeric,
graphical and algebraic
representations

Creates a model that
represents the problem
with considerable
effectiveness; representing
most of the range of the
data
Makes appropriate
connections between
numeric, graphical and
algebraic representations

Level 3

Creates a model that
represents the problem
with a high degree of
effectiveness; representing
the full range of the data

Level 4

Uses mathematical
vocabulary appropriately

Consistently uses
mathematical symbols,
labels and conventions
correctly

Uses clear language
to make presentations,
and to explain and justify
solutions when reporting
for various purposes and
different audiences

Level 3

Uses clear and precise
language to make
presentations, and
to explain and justify
solutions when reporting
for various purposes and
different audiences
Consistently uses
mathematical symbols,
labels and conventions,
presenting novel or
insightful opportunities for
their use
Consistently uses
mathematical vocabulary
appropriately, presenting
novel or insightful
opportunities for its use

Level 4

Makes strong and
insightful connections
between numeric,
graphical and algebraic
representations
Translates representations Translates representations Translates representations
with some errors when
appropriately when solving appropriately and with
solving a problem
a problem
insight when solving a
problem

Creates a model that
represents the problem
with some effectiveness;
representing some of the
range of the data

Level 2

Creates a model that
represents the problem
with limited effectiveness;
representing little of the
range of the data

Level 1

Representing

Uses clear language
to make presentations,
and to explain and justify
solutions when reporting
for various purposes and
different audiences

Criteria

Translates from one
representation to another
as appropriate to the
problem

Creates a model to
represent the problem
(e.g., numerical, algebraic,
graphical, physical, or
scale model, by hand or
using technology)
Makes connections
between numeric,
graphical and algebraic
representations

Criteria

Below Level 1
Specific Feedback

Communication

5.1: Generic Rubric for Mathematical Processes (continued)
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Selects and applies
appropriate tools and
strategies, with minor
errors, omissions or missequencing

Makes weak connections
among mathematical
concepts and procedures

Applies metacognitive
skills independently
in determining which
mathematical process to
revisit in order to reach
the goal

Makes direct connections
to the problem-solving
process and models
presented when justifying
answers

Selects and applies
appropriate tools and
strategies accurately, and
in a logical sequence

Makes simple connections Makes appropriate
among mathematical
connections among
concepts and procedures mathematical concepts
and procedures

Connecting

Selects and applies
appropriate tools and
strategies, with major
errors, omissions, or missequencing
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Makes connections among
mathematical concepts
and procedures

Selects and uses tools
and strategies to solve a
problem

Level 3
Forms a hypothesis or
conjecture that connects
pertinent aspects of the
problem

Selecting Tools and Computational Strategies

Application

Applies metacognitive
skills with minimal
prompting in determining
which mathematical
process to revisit in order
to reach the goal

Reflecting

Applies metacognitive
skills with significant
prompting in determining
which mathematical
process to revisit in order
to reach the goal

Uses metacognitive
skills to determine which
mathematical processes
to revisit in order to reach
the goal

Makes some connections
to the problem-solving
process and models
presented when justifying
answers

Makes limited connections
to the problem-solving
process and models
presented when justifying
answers

Makes inferences, draws
conclusions and gives
justifications

Level 2

Forms a hypothesis or
Forms a hypothesis or
conjecture that connects
conjecture that connects
few aspects of the problem some of the pertinent
aspects of the problem

Level 1

Reasoning and Proving

Thinking

Formulates and defends a
hypothesis or conjecture

Criteria

Below Level 1
Specific Feedback

5.2 (a) Volume of 3-D Shapes

Makes strong connections
among mathematical
concepts and procedures

Selects and applies
appropriate and efficient
tools and strategies,
accurately to create
mathematically elegant
solutions

Applies metacognitive
skills independently
in determining which
mathematical process to
revisit in order to reach the
goal with a broader view of
the goal

Forms a hypothesis or
conjecture that connects
aspects of the problem
with a broader view of the
problem
Makes direct and insightful
connections to the
problem-solving process
and models presented
when justifying answers

Level 4

5

Selects, sequences and
applies mathematical
processes to the assigned
task with minimal
prompting
Uses logic to solve
problems but lacks
precision in mathematical
reasoning

Level 2

Selects and applies
appropriate tools and
strategies, with minor
errors, omissions or missequencing

Translates representation
with major errors when
solving a problem

Makes direct connections
to the problem-solving
process and models
presented when justifying
answers

Forms a hypothesis or
conjecture that connects
pertinent aspects of the
problem

Solves problems logically
and with precision in
mathematical reasoning

Selects and applies
appropriate tools and
strategies accurately, and
in a logical sequence

Translates representations Translates
with some errors when
representations
solving a problem
appropriately when
solving a problem

Representing

Communication

Selects and applies
appropriate tools and
strategies, with major
errors, omissions, or missequencing

Level 3
Selects, sequences and
applies mathematical
processes to the assigned
task independently

Selecting Tools and Computational Strategies

Application
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Translates from one
representation to another
as appropriate to the
problem

Selects and uses tools
and strategies to solve a
problem

Makes limited connections
to the problem-solving
process and models
presented when justifying
answers

Makes inferences, draws
conclusions and gives
justifications

Makes some connections
to the problem-solving
process and models
presented when justifying
answers

Forms a hypothesis or
Forms a hypothesis or
conjecture that connects
conjecture that connects
few aspects of the problem some of the pertinent
aspects of the problem

Reasoning and Proving

Selects, sequences and
applies mathematical
processes to the assigned
task with significant
prompting
Uses minimal logic and
precision in mathematical
reasoning to solve
problems

Level 1

Problem Solving

Thinking

Formulates and defends a
hypothesis or conjecture

Uses critical thinking skills
to solve a problem

Selects, sequences and
applies mathematical
processes appropriate to
the task

Criteria

Below Level 1
Specific Feedback

5.2 (b) Painted Cube Problem

Translates representations
appropriately and with
insight when solving a
problem

Selects and applies
appropriate and efficient
tools and strategies,
accurately to create
mathematically elegant
solutions

Forms a hypothesis or
conjecture that connects
aspects of the problem
with a broader view of the
problem
Makes direct and insightful
connections to the
problem-solving process
and models presented
when justifying answers

Selects, sequences and
applies mathematical
processes to the assigned
task independently with a
broader view of the task
Demonstrates a
sophisticated level of
mathematical reasoning
and precision in solving
problems

Level 4

6

Selects, sequences and
applies mathematical
processes to the assigned
task with minimal
prompting

Level 2

Selects and applies
appropriate tools and
strategies, with minor
errors, omissions or missequencing

Creates a model that
represents the problem
with limited effectiveness;
representing little of the
range of the data

Creates a model that
represents the problem
with some effectiveness;
representing some of the
range of the data

Representing

Communication
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Creates a model to
represent the problem
(e.g., numerical, algebraic,
graphical, physical, or
scale model, by hand or
using technology)

Selects and applies
appropriate tools and
strategies, with major
errors, omissions, or missequencing

Selects and uses tools
and strategies to solve a
problem

Level 3

Creates a model that
represents the problem
with considerable
effectiveness;
representing most of the
range of the data

Selects and applies
appropriate tools and
strategies accurately, and
in a logical sequence

Makes direct connections
to the problem-solving
process and models
presented when justifying
answers

Forms a hypothesis or
conjecture that connects
pertinent aspects of the
problem

Selects, sequences and
applies mathematical
processes to the assigned
task independently

Selecting Tools and Computational Strategies

Makes limited connections
to the problem-solving
process and models
presented when justifying
answers

Makes inferences, draws
conclusions and gives
justifications

Makes some connections
to the problem-solving
process and models
presented when justifying
answers

Forms a hypothesis or
Forms a hypothesis or
conjecture that connects
conjecture that connects
few aspects of the problem some of the pertinent
aspects of the problem

Reasoning and Proving

Selects, sequences and
applies mathematical
processes to the assigned
task with significant
prompting

Level 1

Problem Solving

Thinking

Formulates and defends a
hypothesis or conjecture

Selects, sequences and
applies mathematical
processes appropriate to
the task

Criteria

Below Level 1
Specific Feedback

5.2 (c) Temperature Problem

Creates a model that
represents the problem
with a high degree of
effectiveness; representing
the full range of the data

Selects and applies
appropriate and efficient
tools and strategies,
accurately to create
mathematically elegant
solutions

Forms a hypothesis or
conjecture that connects
aspects of the problem
with a broader view of the
problem
Makes direct and insightful
connections to the
problem-solving process
and models presented
when justifying answers

Selects, sequences and
applies mathematical
processes to the assigned
task independently with a
broader view of the task

Level 4

7

Makes some connections
to the problem-solving
process and models
presented when justifying
answers

Makes appropriate
connections between a
prior estimate and the
solution

Selects and applies
appropriate tools and
strategies, with major
errors, omissions, or missequencing

Selects and applies
appropriate tools and
strategies, with minor
errors, omissions or missequencing

Selects and applies
appropriate tools and
strategies accurately, and
in a logical sequence

Selecting Tools and Computational Strategies

Application

Makes some connections
between a prior estimate
and the solution

Reflecting

Makes minimal
connections between a
prior estimate and the
solution
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Selects and uses tools
and strategies to solve a
problem

Reflects on the
reasonableness of
answers

Makes limited connections
to the problem-solving
process and models
presented when justifying
answers

Makes inferences, draws
conclusions and gives
justifications

Makes direct connections
to the problem-solving
process and models
presented when justifying
answers

Forms a hypothesis or
conjecture that connects
pertinent aspects of the
problem

Reasoning and Proving

Forms a hypothesis or
Forms a hypothesis or
conjecture that connects
conjecture that connects
few aspects of the problem some of the pertinent
aspects of the problem

Level 3

Formulates and defends a
hypothesis or conjecture

Level 2
Solves problems logically
and with precision in
mathematical reasoning

Uses minimal logic and
precision in mathematical
reasoning to solve
problems

Level 1

Problem Solving

Thinking
Uses logic to solve
problems but lacks
precision in mathematical
reasoning

Uses critical thinking skills
to solve a problem

Criteria

Below Level 1
Specific Feedback

5.2 (d) Dart Board Problem

Selects and applies
appropriate and efficient
tools and strategies,
accurately to create
mathematically elegant
solutions

Makes appropriate
connections between a
prior estimate and the
solution and provides
insightful comments

Forms a hypothesis or
conjecture that connects
aspects of the problem
with a broader view of the
problem
Makes direct and insightful
connections to the
problem-solving process
and models presented
when justifying answers

Demonstrates a
sophisticated level of
mathematical reasoning
and precision in solving
problems

Level 4

8

Selects and applies
appropriate tools and
strategies, with minor
errors, omissions or missequencing

Makes weak connections
among mathematical
concepts and procedures

Selects and applies
appropriate tools and
strategies accurately, and
in a logical sequence

Makes simple connections Makes appropriate
among mathematical
connections among
concepts and procedures mathematical concepts
and procedures

Connecting

Selects and applies
appropriate tools and
strategies, with major
errors, omissions, or missequencing

Selecting Tools and Computational Strategies

Application

Makes some connections
between a prior estimate
and the solution

Reflecting

Makes minimal
connections between a
prior estimate and the
solution

Makes appropriate
connections between a
prior estimate and the
solution

Forms a hypothesis or
conjecture that connects
pertinent aspects of the
problem

Reasoning and Proving

Forms a hypothesis or
Forms a hypothesis or
conjecture that connects
conjecture that connects
few aspects of the problem some of the pertinent
aspects of the problem

Level 3
Solves problems logically
and with precision in
mathematical reasoning

Level 2
Uses logic to solve
problems but lacks
precision in mathematical
reasoning

Uses minimal logic and
precision in mathematical
reasoning to solve
problems

Level 1

Problem Solving

Thinking
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Makes connections among
mathematical concepts
and procedures

Selects and uses tools
and strategies to solve a
problem

Reflects on the
reasonableness of
answers

Formulates and defends a
hypothesis or conjecture

Uses critical thinking skills
to solve a problem

Criteria

Below Level 1
Specific Feedback

5.2 (e) Deck Railing Problem

Makes strong connections
among mathematical
concepts and procedures

Selects and applies
appropriate and efficient
tools and strategies,
accurately to create
mathematically elegant
solutions

Makes appropriate
connections between a
prior estimate and the
solution and provides
insightful comments

Forms a hypothesis or
conjecture that connects
aspects of the problem
with a broader view of the
problem

Demonstrates a
sophisticated level of
mathematical reasoning
and precision in solving
problems

Level 4

9

Creates a model that
represents the problem with
considerable effectiveness;
representing most of the
range of the data
Makes appropriate
connections between
numeric, graphical and
algebraic representations

Makes some connections
between numeric,
graphical and algebraic
representations

Translates
Translates representations
representations with
appropriately when solving
some errors when solving a problem
a problem

Makes limited connections
between numeric,
graphical and algebraic
representations
Translates representation
with major errors when
solving a problem

Level 3

Creates a model that
represents the problem
with some effectiveness;
representing some of the
range of the data

Level 2

Creates a model that
represents the problem
with limited effectiveness;
representing little of the
range of the data

Level 1

Representing

Communication
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Creates a model to
represent the problem
(e.g., numerical,
algebraic, graphical,
physical, or scale
model, by hand or
using technology)
Makes connections
between numeric,
graphical and
algebraic
representations
Translates from one
representation to
another as appropriate
to the problem

Criteria

Below Level 1
Specific Feedback

5.2 (e) Deck Railing Problem (continued)

Translates representations
appropriately and with
insight when solving a
problem

Makes strong and insightful
connections between
numeric, graphical and
algebraic representations

Creates a model that
represents the problem
with a high degree of
effectiveness; representing
the full range of the data

Level 4

10

Criteria

Specific Feedback

Level 1

Level 2

Level 3

Misinterprets part of
the given graphical
information, but carries on
to make some otherwise
reasonable statements
Makes inferences that
have some connection to
the properties of the given
graphs

Creates a graph that
represents little of the
range of data

Creates a graph that
represents some of the
range of data

Representing

Communication

Misinterprets a major part
of the given graphical
information, but carries on
to make some otherwise
reasonable statements
Makes inferences that
have a limited connection
to the properties of the
given graphs

Reasoning and Proving

Thinking

Creates a graph that
represents most of the
range of data

Makes inferences that
have a direct connection
to the properties of the
given graphs

Correctly interprets
the given graphical
information, and makes
reasonable statements

Makes weak connections Makes simple connections Makes appropriate
between information in the between information in the connections between
chart and the graph
chart and the graph
information in the chart
and the graph
Gathers data that is
Gathers data that is
Gathers data that is
connected to the problem, appropriate and connected appropriate and connected
yet inappropriate for the
to the problem, yet missing to the problem, including
inquiry
many significant cases
most significant cases

Connecting

Application
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Creates a graph to
represent the data in the
chart.

Makes inferences in the
chart about the required
graph.

Interprets graphs.

Gathers data that can be
used to solve the problem
[e.g., select critical
x-values and intervals for
the chart].

Makes connections
between information in the
chart and the graph.

Below Level 1

5.2 (f) Function Card Game

Level 4

Creates a graph that
represents the full range
of data

Correctly interprets
the given graphical
information, and makes
subtle or insightful
statements
Makes inferences that
have a direct connection to
the properties of the given
graphs, with evidence of
reflection

Gathers data that is
appropriate and connected
to the problem, including
all significant cases,
including extreme cases

Makes strong connections
between information in the
chart and the graph

11

5.3 Volume of 3-D Solids
1. Investigate the relationship between prisms and pyramids with congruent bases and equal heights.

2. Investigate the relationship among a cylinder, a cone and a sphere each with the same radius and
the heights of the cylinder and cone are twice their radius.
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5.4 The Painted Cube with Solutions
a) A 3 × 3 × 3 cube made up of small cubes is dipped into a bucket of red paint and removed.
(i) How many small cubes will have 3 faces painted?
(ii) How many small cubes will have 2 faces painted?
(iii) How many small cubes will have 1 face painted?
(iv) How many small cubes will have 0 faces painted?

b) Answer the questions in Part (a) when a 10 × 10 × 10 cube is dipped into the bucket of red
paint.

c) Look for patterns and answer each of the questions in Part (a) when an n × n × n cube is
dipped into the bucket of red paint? Explain your thinking.
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5.4 The Painted Cube with Solutions (continued)
Complete the table.
a) 3 × 3 × 3 cube made up
of small cubes is dipped
into a bucket of red
paint.
How many cubes will
have 3 faces painted?
2 faces? 1 face?
0 faces?
b) What about a
4 × 4 × 4 cube?

Cube
Number

3 faces
painted

2 faces
painted

n

8

12 (n - 2 )

3
4
5
6
7
8
9
10
.

8
8
8
8
8
8
8
8
.

12
24
36
48
60
72
84
96
.

1 face
painted

6
24
54
96
150
216
294
384
.

6 (n - 2 )

2

0 faces
painted

1
8
27
64
125
216
343
512
.

(n - 2 )

3

c) What about a
n × n × n cube?

A. Analysis Using Finite Differences
The solutions can be arrived at through a modelling approach, with or without the aid of technology
(graphing calculator, spreadsheet) or through a spatial/logical approach, using the physical models of
the cubes.
Two Faces Painted
Cube Number
2
3
4
5
6
7
8
9
10

2 Faces
Painted
0
12
24
36
48
60
72
84
96

First
Differences
12
12
12
12
12
12
12
12

The first differences, for the 2 Faces
Painted relationship indicate a linear
relationship. The rate of change is 12. For
any row in the table, the number of cubes
with two faces painted is 12 times the
cube number, less two.
The algebraic statement of the
relationship is therefore
N 2 = 12 (n - 2 )
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5.4 The Painted Cube with Solutions (continued)
One Face Painted
Cube
Number
2
3
4
5
6
7
8
9
10

1 Faces
Painted
0
6
24
54
96
150
216
294
384

First
Second
Differences
Differences
6
12
18
12
30
12
42
12
54
12
66
12
78
12
90

The second differences, for the
1 Face Painted relationship indicate
a quadratic relationship. The number
of cubes with one face painted is zero
when n is 2. This indicates a quadratic
2
relationship of the form a (n - 2 ) . The
second difference equals 12, and also
equals 2a .
The algebraic statement of the
relationship is therefore:
2
N1 = 6 (n - 2 ) .

Zero Faces Painted
Cube
Number

0 Faces
Painted

2
3
4
5
6
7
8
9
10

0
1
8
27
164
125
216
343
512

First
Differences

1
7
19
37
61
91
127
169

Second
Differences

6
12
18
24
30
36
42

Third
Differences

6
6
6
6
6
6

The third differences, for the 0-FacesPainted relationship indicate a cubic
relationship. The number of cubes with
one face painted is zero when n is 2.
This indicates a cubic relationship of the
3
form a (n - 2 ) . The second difference
equals 6, and also equals 6a.
The algebraic statement of the
relationship is therefore:
3
N 0 = (n - 2 ) .
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5.4 The Painted Cube with Solutions (continued)
B. Graphical Perspective
Here is a picture of a Fathom document showing the plots of Two-Faces-Painted, One-face-Painted,
and Zero-Faces-Painted. The Two-Faces-Painted plot has a least-squares line fitted to it, and the
One-Face-Painted plot has a slider, in which the value of a has been adjusted to 6.

C. Geometric Approach
This strategy is easier to understand when working with linking cubes.
Make larger cubes of at least 4 × 4 × 4 to more easily see the solutions:
1 face painted

There are 6 “inner squares”
with 1 face painted. The
dimensions of these
squares are (n - 2) × (n - 2).
That totals 6(n - 2)2 for an
n × n × n cube.

2 faces painted

There are 12 edges. For each
edge, the “corner cubes” will not
have 2 faces painted – all the
rest will have 2 faces painted.
That totals 12(n - 2) for an
n × n × n cube.

3 faces painted

There will always be 8 “corner
cubes,” with 3 faces painted.

The 2 × 2 × 2 cube that “sits inside” the 4 × 4 × 4 cube represents the 0 faces painted
cubes. For an n × n × n cube, the inner cube has dimensions (n - 2) × (n - 2), or (n - 2)3.
Mathematical Processes for GAINS Mathematics – Professional Learning, 2008 – Session 5 	
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5.4 The Painted Cube with Solutions (continued)
Sample Follow-up Questions
1) For an n × n × n cube, the number of faces with 2 faces painted is 12(n - 2). Refer to the cube to
explain where this formula comes from.
2) If a large cube had 512 cubes with one face painted after being dipped into the paint, how many
small cubes is it made of?
3) If a large cube had 190 104 cubes with two faces painted after being dipped into the paint, how
many small cubes is it made of?
4) A large cube had 17 576 cubes with zero faces painted after being dipped into the paint. Select,
without calculating, the number of small cubes the large cube is made of. Explain how you arrived
at your answer.
a) 30		

b) 56			

c) 28			

d) 18

5) For what value of n does the number of cubes with 2 faces painted equal the number of cubes with
1 face painted? Verify using the algebraic expressions.
6) For what value of n does the number of cubes with 1 face painted equal the number of cubes with
zero faces painted? Verify using the algebraic expressions.

7) Show that the two expressions for the number of small cubes in an n × n cube are equivalent:
n 3 = (n - 2 ) + 6 (n - 2 ) + 12 (n - 2 )+ 8
3

2

Extensions
a) A 3 × 4 rectangular prism that is made up of small cubes is dipped into a bucket of red paint. How
many cubes will have 3 faces painted? 2 faces? 1 face? 0 faces?
b) What about a 4 × 5 rectangular prism?

c) What about an (n - 1) × n rectangular prism?
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5.5 Temperature Problem
The inhabitants off Xenor use two scales for measuring temperature. On the A scale, water freezes
at 0° and boils at 80°, whereas on the B scale, water freezes at -20° and boils at 120°. What is the
equivalent on the A scale of a temperature of 15° on the B scale?

Mathematical Processes for GAINS Mathematics – Professional Learning, 2008 – Session 5 	

18

5.6 Dart Board Problem
You have been asked to assign numerical values of 2, 5, and 8 to the three coloured regions on the dart
board. Regions with smaller areas are assigned higher scores.
The dart board is designed with a square inside a circle and a square outside the same circle.
Match the three scores with the three coloured regions on the board. Use any tools or strategies
available.
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5.7: Deck Problem with Solutions
You have been hired to build a deck attached to the second floor of a cottage using exactly 30 m of
deck railing (Note: the entire outside edge will have railing.).
Determine the dimensions of the deck that follow the specifications in the diagram and maximize the
area of the deck.
DECK

Sample Solution 1: Numeric solution using a table of values
COTTAGE

Area of the deck = total area - cottage section
= ( y )( y ) - ( y - x )( y - x )

x values
(in metres)

y values
(in metres)

Area = ( y )( y ) - ( y - x )( y - x )
2

= y 2 - ( y - x)

2

= 142 - (14 - 1)

1

14

= 196 - 169
= 27 m2
2

= 132 - (13 - 2)

2

13

= 169 - 121
= 48 m2
2

= 122 - (12 - 3)

3

12

= 144 - 81
= 63 m2

y

2

DECK

x

= 112 - (11- 4)

4

11

= 121- 49
= 72 m2

y

y-x

2

= 102 - (10 - 5)

5

10

= 75 m2

COTTAGE
x

y-x

= 100 - 25

2

= 9 2 - (9 - 6 )

6

9

= 81- 9
= 72 m2
2

= 8 2 - (8 - 7 )

7

8

= 64 - 1
= 63 m2

8
9
10
11
12
13
14

7
6
5
4
3
2
1

Even though you are
able to obtain numerical
values for the algebraic
representation of
area, these values are
inadmissible since x can
not exceed y.

From the table of values the maximum area of the deck is 75 m2.
The longer side is 10 m and the shorter side is 5 m.
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5.7: Deck Problem with Solutions (continued)

Sample Solution 2: Algebraic solution using the distributive property and common factoring
Area of the deck = total area - cottage section
= ( y )( y ) - ( y - x )( y - x )

Since the maximum amount of railing available is 30 m, then when adding up the sides of the deck we
obtain:
x + x + y - y = 30
2 x + 2 y = 30
x + y = 15
By re-arranging this equation, we have y = 15 - x that we can substitute into the formula for the total
area of the deck.
Area of the deck = ( y )( y ) - ( y - x )( y - x )
= (15 - x )(15 - x ) - (15 - x - x )(15 - x - x )
2

= 225 - 15 x - 15 x + x 2 - (15 - 2 x )

= 225 - 30 x + x 2 - (225 - 30 x - 30 x + 4 x 2 )
= 225 - 30 x + x 2 - (225 - 60 x + 4 x 2 )
= -30 x + 60 x + x 2 - 4 x 2
= 30 x - 3 x 2
= 3 x (10 - x )

common factor

Since this is a quadratic, the vertices are at 3 x = 0 (that is x = 0) and 10 - x = 0 (that is x = 0 ).
The vertex would be half way between the vertices, so at x = 5 .
When x = 5 and x + y = 15 , then y = 10 .
The maximum area is obtained when x = 5 m and y = 10 m.
Area of the deck = ( y )( y ) - ( y - x )( y - x )
Substitute the values = (10 m)(10 m) - (10 m - 5 m)(10 m - 5 m)
= 100 m2 - 25 m2
= 75 m2
The maximum area of the deck is 75 m2.
The longer side is 10 m and the shorter side is 5 m.
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5.7: Deck Problem with Solutions (continued)

Sample Solution 3: Algebraic solution, using a difference of squares
Area of the deck = total area - cottage section
= ( y )( y ) - ( y - x )( y - x )

Since the maximum amount of railing available is 30 m, by adding up the sides of the deck we obtain:
( x + x + y + y ) = 30
2 x + 2 y = 30
x + y = 15
By re-arranging this equation, we have y = 15 - x that we can substitute into the formula for the total
area of the deck.
Area of the deck = ( y )( y ) - ( y - x )( y - x )
2

= y 2 - ( y - x)

= ( y - ( y - x ))( y + ( y - x ))

using a difference of squares

= ( y - y + x )( y + y - x )
= ( x )(2 y - x )
By substituting y = 15 - x into the area of the deck:
Area of the deck = ( x )(2 (15 - x ) - x )
= ( x )(30 - 2 x - x )
= 30 x - 2 x 2 - x 2
= 30 x - 3 x 2
= 3 x (10 - x )

common factor

Since we have a quadratic, the vertices are at 3 x = 0 (that is x = 0 ) and 10 - x = 0 (that is x = 10 ).
The vertex would be half way between the vertices, at x = 5.
When x = 5 , we know that x + y = 15, then y = 10 .
The maximum area is obtained when x = 5 m and y = 10 m.
Area of the deck = ( y )( y ) - ( y - x )( y - x )
Substitute the values = (10)(10) - (10 - 5)(10 - 5)
= 100 - 25
= 75 m2
The maximum area of the deck is 75 m2.
The longer side is 10 m and the shorter side is 5 m.
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5.7: Deck Problem with Solutions (continued)

Sample Solution 4: Graphical solution, developing an equation and interpreting a graph
generated using technology
DECK
15 - x
COTTAGE

The amount of railing is 30 m. When adding up the outside edges of the deck we obtain:
x + x + y + y = 30
2 x + 2 y = 30 or x + y = 15 or y = 15 - x
This can be substituted into the formula for the total area of the deck.
Area of the deck = total area - cottage section
2

2

A( x ) = (15 - x ) - (15 - 2 x )

Re-label the deck and cottage dimensions and obtain the equation to represent the area of the deck.
Technology is used to graph the equation and the maximum is identified.
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5.7: Deck Problem with Solutions (continued)

Sample Solution 5: Algebraic and graphical solution, completing the square and graphing
A = x (15 - x ) + x (15 - 2 x )

or

A = x 2 + 2 x (15 - 2 x )

Simplified A = -3 x 2 + 30 x
Complete the square to find the vertex of the corresponding graph:
2
A( x ) = -3 ( x - 5) + 75
Vertex (5, 75)
Parabola opens down, thus the vertex is a maximum.
The maximum of 75 occurs when x = 5.
The dimensions of the deck of maximum area are 5 m and 10 m.
The maximum area is 75 m2.

DECK

COTTAGE
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5.7: Deck Problem with Solutions (continued)

Sample Solution 6: Algebraic solution, using rate of change
2 x + 2 y = 30
x + y = 15
y = 15 - x
A = xy + x ( y - x )
= 2 xy - x 2
A( x ) = 2 x (15 - x ) - x 2
= 30 x - 3 x 2

A¢ ( x ) = 30 - 6 x 2
Explore critcal points.
A¢ ( x ) = 0
A¢ ( x )
or

[does not exist]

30 - 6 x = 0
x=5
A¢¢ ( x ) = -12 x
A¢¢ (5) < 0 therefore the point where x = 5 is a maximum
2

A(5) = 30 (5) - 3 (5)
= 75
Maximum point: (5, 75)

The maximum area of the deck is 75 m2 and occurs when x = 5.
The longer side of the deck is 10 m and the shorter side is 5 m.
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5.8a Function Card Game (from MHF4U BLM 6.11.4)
Your team must find a pair of matching cards. To make a matching pair, you find one card that has
the graphs of two functions that correspond with a card that shows these functions combined by an
operation (addition, subtraction, multiplication, or division).
When you find a matching pair, state how the functions were combined. Discuss why you think it is a
match.
Check the answer (BLM 5.8c) and reflect on the result, if you had an error.
Continue until all the cards are collected.
Some of the features to observe in finding a match are:
• intercepts of combined and original graphs
• intersections of original graphs
• asymptotes
• general motions, e.g., periodic, cubic, exponential
• large and small values
• odd and even functions
• nature of the function between 0 and 1, 0 and –1
• domain and range
Examples
The initial graph of sin (x ) and 2 x ,can be combined to produce the graphs shown below it.
Determine what operations are used to combine them and explain the reasoning.
Check answers after you have determined how the functions were combined.

sin (x ) and 2 x
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5.8a Function Card Game (from MHF4U BLM 6.11.4) (continued)
Answers

•
•

•

sin (x )+ 2 x

Periodic suggests sine or cosine
Dramatic change for positive x-values,
not existing for negative x-values,
suggests exponential
y-intercept of 1 can be obtained by
adding the y-intercepts of each of the
original graphs, only addition will produce
this

•
•

•

•

2 x (sin (x ))

Periodic suggests sine or cosine
Dramatic change for positive x-values,
not existing for negative x-values,
suggests exponential
x-intercepts correspond to the
x-intercepts of the sine function therefore
multiplication or division.
Division by exponential would result
in small y-values in first and fourth
quadrant, division by sinusoidal would
result in asymptotes, therefore must be
multiplication.
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5.8b Function Card Masters for Game (from MHF4U BLM 6.11.5)
2

J

x3 - x

x and x 3

3

P

x
x -4

x and x 2 - 4

4

2

L

2 x and cos (x )

2 x + cos (x )

G

S

cos (x )- 2 x

2 x - cos (x )
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5.8b Function Card Masters for Game (from MHF4U BLM 6.11.5) (continued)
T

5

log (x )+ sin (x )

sin (x ) and log (x )

M

H

sin (x )- log (x )

log (x )- sin (x )

6

F

x (sin (x ))

x and sin (x )

7

R

x 2 and sin (x )

x 2 (sin (x ))
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5.8b Function Card Masters for Game (from MHF4U BLM 6.11.5) (continued)
8

N

x 2 (cos (x ))

x 2 and cos (x )

9

K

x2
2x

2 x and x 2

Q

9

2x
x2

4

2 x and x 2

4

2 x and cos (x )

2 x and cos (x )
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5.8b Function Card Masters for Game (from MHF4U BLM 6.11.5) (continued)
5

5

sin (x ) and log (x )

sin (x ) and log (x )
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(x
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P.

2

x
-4

)

J. x 3 - x

2. x and x 3

3. x and x 2 - 4

Combined Graphs

Individual Graphs

5.8c Function Card Game Answers (from MHF4U BLM 6.11.6)

•

•

•

•

•

•
•
•
•

•
•

graph becomes large, and when -1 < y < 0 the
y-values of the combined graph becomes small
(0,0) is a point on the combined graph giving
information about the numerator
odd function divided by an even function is an
odd function

when 0 < y < 1 the y-values of the combined

x2 - 4
division results in y-values of 1 on the combined
graph for values of x where the original graphs
intersect

asymptotes at 2 and –2 suggests division by

difference of odd functions is an odd function
cannot be multiplication since odd multiplied by
odd is even
general motion is cubic, result is cubic
(0,0) is a point on both originals and combination
cannot be division since no asymptote occurs
x-intercepts occur where the graphs intercept,
implying subtraction

Key features to help with identification.

These are not intended to be a sufficient, necessary
or inclusive list of features; they are a list of
“observations” to assist with matching.
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G. 2x - cos (x )
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4. 2x and cos (x )

S. cos (x )- 2 x

L. 2 x + cos (x )

4. 2x and cos (x )

4. 2x and cos (x )

Combined Graphs

Individual Graphs

•

•

•

•
•

•

•

•

•
•

•
•

•
•

periodic suggests sine or cosine
dramatic change for positive x-values, not
existing for negative x-values, suggests
exponential
y-intercept of 0 can be obtained by subtracting
the y-intercept of 1 of each of the original graphs
x-intercepts are where the original graphs
intersect, implying subtraction
as x-increases, the combination increases
quickly, suggesting subtraction of the periodic
from the exponential

periodic suggests sine or cosine
dramatic change for positive x-values, not
existing for negative x-values, suggests
exponential
y-intercept of 0 can be obtained by subtracting
the y-intercept of 1 of each of the original graphs
x-intercepts are where the original graphs
intersect, implying subtraction
as x-increases, the combination decreases
quickly, suggesting subtraction of an exponential

periodic suggests sine or cosine
dramatic change for positive x-values, not
existing for negative x-values, suggests
exponential
y-intercept of 2 can be obtained by adding the
y-intercept of 1 of each of the original graphs,
only addition will produce this result

These are not intended to be a sufficient, necessary
or inclusive list of features; they are a list of
“observations” to assist with matching.

Key features to help with identification.

5.8c Function Card Game Answers (from MHF4U BLM 6.11.6) (continued)
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T. log (x )+ sin (x )

M. log (x )- sin (x )

H. sin (x )- cos (x )

Combined Graphs
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5. sin (x ) and log (x )

5. sin (x ) and log (x )

5. sin (x ) and log (x )

Individual Graphs

•

•
•
•

•

•
•
•

•

•

•
•
•

periodic suggests sine or cosine function
domain > 0 suggests log function
when log is very small, the combined graph
remains small, implying log is not being
subtracted
the sine curve is increasing, implying something
is being added to the sine.

periodic suggests sine or cosine function
domain > 0 suggests log function
x-intercepts are where the original graphs
intersect implying subtraction
when log is very small, the combined graph
remains small, implying subtraction from the log

periodic suggests sine or cosine function
domain > 0 suggests log function
decreasing sin x graph suggests something is
being “taken away,” thus subtraction
x-intercepts are where the original graphs
intersect implying subtraction
when log is very small (or large negative), the
combined graph becomes very large, implying
subtraction the log values

These are not intended to be a sufficient, necessary
or inclusive list of features; they are a list of
“observations” to assist with matching.

Key features to help with identification.

5.8c Function Card Game Answers (from MHF4U BLM 6.11.6) (continued)
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R. x 2 (sin (x ))

N. x 2 (cos (x ))

7. x 2 and sin (x )

8. x 2 and cos (x )
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F. x (sin (x ))

Combined Graphs

6. x and sin (x )

Individual Graphs

•

•
•

•

•
•

•

•
•

periodic suggests sine or cosine function
x-intercepts exist wherever there is an x-intercept
in either of the original functions, suggesting
multiplication
even function multiplied by an even function,
results in an even function

periodic suggests sine or cosine function
x-intercepts exist wherever there is an x-intercept
in either of the original functions, suggesting
multiplication
even function multiplied by an odd function,
results in an odd function

periodic suggests sine or cosine function
x-intercepts exist wherever there is an x-intercept
in either of the original functions, suggesting
multiplication
odd function multiplied by an odd function,
results in an even function

These are not intended to be a sufficient, necessary
or inclusive list of features; they are a list of
“observations” to assist with matching.

Key features to help with identification.

5.8c Function Card Game Answers (from MHF4U BLM 6.11.6) (continued)
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2

x2
2x

2x
x2

K.

Q.

Combined Graphs
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9. 2 and x

x

9. 2 x and x 2

Individual Graphs

and vise versa, suggesting division by 2 x
where the graphs intersect at (2,4) division
produces the point (2,1)

•

•

asymptote at y-axis suggests division by a
function going through the origin
combined function is small as x gets small, and
is large as x gets large, suggest exponential

where 2 x is small the combined graph is large

•

•

x-intercept occurs at x-intercept of x 2 suggesting
multiplication or division

•

These are not intended to be a sufficient, necessary
or inclusive list of features; they are a list of
“observations” to assist with matching.

Key features to help with identification.

5.8c Function Card Game Answers (from MHF4U BLM 6.11.6) (continued)
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