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Early Number Concepts 
 
The Predictive Power of Early Number Knowledge 
To grasp children’s understanding of operations, we must begin by understanding the foundations of 
early mathematics – the mathematics ideas upon which later conceptual understanding is built. In 
recent years, there has been growing international awareness of the importance of mathematics in 
the early years. Duncan and colleagues (2007, 2009 and 2011) report that after conducting a meta-
analysis of results from six longitudinal data sets, early math skills were found to be the strongest 
predictor of later academic success. Mathematics was found to have greater predictive power than 
reading and attention skills, two other factors that contribute to overall academic success.  
 
Of particular relevance to our investigation into operations is early number sense, which has been 
found to be predictive of later mathematics achievement (Locuniak & Jordan, 2008; Jordan, Kaplan, 
Ramineni, & Locuniak, 2009; Geary, 2011). For example, Jordan and colleagues (2009) found a 
strong relation between early number competence and mathematics achievement across five time 
points from the end of first grade to the end of third grade. Furthermore, how well the children 
performed in early number competencies such as counting principles, subitizing small quantities, 
judging number magnitude, and composing numbers from separate sets predicted how well they 
performed in the 3rd grade. In a separate five-year longitudinal study, Geary (2011) also showed that 
the understanding of these number concepts in 1st grade predicted achievement in mathematics 
through to the 5th grade.  
 
Early number knowledge has been demonstrated to predict later mastery of number combinations 
(Baroody & Rosu, 2006). Children’s number sense in kindergarten was also found to be highly 
predictive of their calculation fluency in Grade 2 (Locuniak & Jordan, 2008). Furthermore, 
Kindergarten number sense screening predicted students who were “at-risk” and “not-at-risk” for 
calculation difficulties in Grade 2, suggesting significant implications for screening and intervention in 
mathematics programming. 
 
Early Number Knowledge Can Be Improved with Intervention 
Considering its importance for later achievement in operations and general mathematics, early 
number sense can be improved through effective programming (Jordan, Glutting, Dyson, Hassinger-
Das, & Irwin, 2012). In a randomized controlled study, Jordan and colleagues revealed that 
Kindergarten children who received a number sense intervention performed better than the control 
groups in both measures of number competencies and overall mathematics. The results persisted 
eight weeks after the intervention. In a Japanese study, schooling was found to be the most important 
determinant of students’ early number competencies and operational sense (Naito & Miura, 2001). In 
other words, effective mathematics programming in the early years, with a focus on developing 
children’s number competencies, can facilitate their mathematics achievement later in their education. 
 
 
Which Early Number Competencies Matter Most for Later Mathematics Achievement? 
 
Recognizing its importance for both developing children’s knowledge of operations and overall 
mathematics, it is helpful to understand which early number competencies seem to matter most. 
Across different studies that show the predictability of early number competencies on later 
mathematics achievement, the following concepts are evidenced to be of key import: 1) Counting and 
counting principles; 2) Composing and decomposing numbers and early arithmetic, and 3) 
Manipulating numerical set size and magnitude (Locuniak & Jordan, 2008; Jordan et al., 2009; Geary, 
2011). 

Curriculum and Learning Resources Policy Unit                                            Page 2 of 30 
 



 
In her seminal paper, Griffin (2004) argues that number sense is comprised of three different domains 
(i) actual quantities that exist in space and time; (ii) counting numbers in the spoken language; and 
(iii) formal mathematical symbols (p. 40).  Deep understanding of number sense requires children to 
understand relationships between these three domains. A first step towards quantity understanding 
occurs when children link counting numbers to the actual quantities they represent, rather than simply 
rote-counting with objects present. There is solid evidence that once a child has connected actual 
quantities and the counting numbers (by counting each object with a corresponding count number) 
then (s)he may be able to apply this knowledge to formal mathematical symbols and their relationship 
with numbers, moving toward later mathematical operations.  

 
 

Key Concepts Underpinning Number Sense and Operations 
 
Counting and Counting Principles 
On an even more fine-grained level, in order to count correctly, children must incorporate three 
principles: one-to-one correspondence, stable order, and cardinality (Gelman & Gallistel, 1978). The 
one-to-one correspondence principle involves assigning only one counting word to each specific 
quantity. That is, the counting word ‘one’ corresponds with one item only, the counting word ‘two’ with 
two items, and so on. Children who utilize this principle correctly understand not to use the same 
counting word for two different quantities. The stable order principle indicates that items are not 
counted arbitrarily, but rather assigned a stable, sequential order. That is, items are counted as ‘one, 
two, three, four, five’ rather than ‘five, two, four, one, three’. This inherently includes recognizing the 
order of ‘first’, ‘second’, ‘third’, etc. Finally, the cardinality principle involves an understanding that the 
last counting word in any sequence denotes the total quantity of items in the set being counted. 
 
Bermejo and Lago (1990) propose that there are six levels of understanding to cardinality. Level 1 is 
a complete lack of understanding of the principle. Note that children at this level may still be able to 
rote-count fluently similar to singing a song by memory. Level 2 is represented by children being able 
to give a number word to indicate a quantity, knowing that they should refer to a total amount. At this 
stage, the total quantity stated by the child is irrelevant to, or not associated with, the actual number 
of objects available, but the child knows that the final number stated represents a total quantity. Level 
3 is known as the full count cardinal-reference. This can be observed when we ask children ‘how 
many items there are in total?’, they proceed to recount all the items from ‘one’ to arrive at a total 
amount each time. Level 4 is the last word rule, whereby children have learned to carefully state the 
last counting word. This may be regardless of whether or not that word actually correctly denotes the 
total quantity in the set. Level 5 occurs when children know to give the largest count word to indicate 
the total quantity, and finally, Level 6 is the full integration and understanding of cardinality whereby 
children correctly determine the total quantity and provide the answer that represents the total 
number of items in the set counted, and holds that quantity as the total fixed amount. 
 
In a later study examining the relationship between counting and cardinality, Bermejo (1996) found 
that children who were able to count correctly did not necessarily understand the cardinality principle 
and vice versa. Instead, for smaller item sets, children often relied on subitizing (sudden recognition 
of a small quantity) rather than counting to determine cardinality. This study suggests that the ability 
to subitize is important in the development of cardinality.  
 
One-to-one correspondence and the stable order principle develop simultaneously, however, 
counting and cardinality can develop independently from one another (Bermejo, 1996; Bermejo, 
Morales, & Garcia, 2004). In their study with 100 mothers and 35 children, Fluck , Linnell, and 
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Holgate (2005) revealed that adults sometimes overestimate young children’s understanding of the 
relationship between counting and cardinality during counting activities (e.g., they do not ask the 
child, “How many are there in total?” when counting).  In both the classroom and home environments, 
educators and caregivers can help young children develop their counting skills, one-to-one 
correspondence and acquire an understanding of the cardinal principle: 
activities such as counting buttons on a shirt, steps on the staircase, and rocks in the garden, as well 
as singing counting songs, support the development of counting skills; placing one toy frog on each 
construction paper lily pad and setting the table with one fork, one knife and one plate per person 
supports the development of one-to-one correspondence; counting and then asking children to name 
the total amount of objects counted supports the development of cardinality. 
 
Subitizing 
Subitizing is the “instant seeing” of how many items there are in a set (Clements, 1999). That is, by 
suddenly assessing without counting, one can state the total quantity.  For example, when shown an 
array of three items, most children and adults alike can automatically see “three” without having to 
count each individual item. Subitizing is important for developing cardinality: Young children who can 
subitize small quantities such as three are able to indicate the total quantity of items in that particular 
set (Bermejo, 1996). Aside from promoting development of cardinality, Kroesbergen and colleagues 
(2009) suggest in a recent study of 115 children, that subitizing accounts for a significant portion of 
the variance in young children’s counting skills where the coordination of one-to-one correspondence 
and cardinality are embedded.  That is, children who are able to subitize accurately are also more 
capable and advanced with their counting skills. 
 
There are two general forms of subitizing. The first is perceptual subitizing. This is an innate 
mechanism and certain animals share this ability. The organization of items in perceptual subitizing is 
random (not carefully arranged). Perceptual subitizing is directly relevant for developing an 
understanding of cardinality. The second form of subitizing is conceptual subitizing. Unlike its random 
arrangement counterpart, conceptual subitizing requires a distinct organization of the quantity being 
assessed, such as the organization of pips on a die. Clements (1999) points out that in order to “just 
know” that the total is ‘eight’ when quickly looking at an eight-dot domino we must recognize the 
organization of the dots as number patterns (e.g., two groups of four dots) that comprise the whole. In 
this case, we see the whole as being made from two groups of four. Conceptual subitizing also 
involves spatial reasoning to identify the spatial arrangement of dots and connect this arrangement to 
the quantity represented. 
Conceptual subitizing is particularly important for composing/decomposing numbers as demonstrated 
in the example above, and also for arithmetic (Clements, 1999). Children can engage with subitizing 
activities to become familiar with different arrangements of a particular number and then visualize 
combing those particular arrangements with others to find the sum or difference using dot plates with 
specialized arrangements of dots, dice games, five-frames and ten-frames.  
 
Number Magnitude 
The focus of early years mathematics is typically on the development of counting skills and number 
recognition. Although these aspects of number sense are important, other equally important concepts 
should not be neglected. Number magnitude is one of those number concepts that is also crucial 
when building a foundation for number sense and operations (Murray & Mayer, 1988).  Number 
magnitude refers to either the absolute value of a number or its relative magnitude and how it is 
ranked compared to other numbers that denote items in a particular set. In this way, number 
magnitude is an ordinality concept. Ordinality refers to the sequencing of items and their relative 
position (first, second, third, are the first three ordinal numbers in a sequence; a runner coming to the 
finish line in position 9 is the 9th runner to cross the line – she “came 9th in the race”). 
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Composing and Decomposing Number 
The ability to compose and decompose numbers is an important aspect of number sense that 
contributes significantly to children’s success in arithmetic, particularly addition and subtraction. 
Composing number requires children to understand that numbers are comprised of even smaller 
numbers (Martins-Mourao & Cowan, 1998). Decomposing number requires them to understand that a 
larger number can be broken down into smaller numbers. In early childhood, mathematical tools such 
as the five- or ten-frame can be used to help familiarize children with different spatial arrangements of 
objects and practice combining them or breaking them down into smaller units (Clements, 1999). The 
flexibility in thinking about number and quantity developed by composing and decomposing number 
connects to part-whole relationships and increases mental math capacity. 
 

Number Magnitude, Quantity and Symbol Relationships 
 
Early Number Magnitude and Its Importance 
As humans, we use numbers to rank order, quantify and measure almost every aspect of the world 
we inhabit, and magnitude is a key concept underlying of this use of number.  Magnitude in 
mathematics is the relative amount or size of a quantity or set of items (Wagner & Johnson, 2011). 
When making quantity comparisons, we are judging the magnitude of the numbers rather than simply 
processing their symbolic representations (e.g., understanding why ‘8’ is greater than ‘2’). Research 
shows that magnitude is an innate human capability that develops from infancy (Wagner & Johnson, 
2011; Defever, Sasanguie, Vandewaetere, Reynvoet, 2012). For example when infants are given the 
choice of two crackers in a cup or three, they invariably choose the cup with three crackers because 
they can distinguish between the two amounts, compare them, and recognize that three is more than 
two (Feigenson, Dehaene & Spelke, 2004). Two basic systems have been found in both humans and 
non-humans that track quantity information: the object-individuation system and the analog 
magnitude system. The analog magnitude system (or mental number line) codes for quantity through 
matching the mental representation of a quantity (it’s place on the mental number line) to the set of 
items actually represented. Some theories of learning suggest that the analog magnitude system acts 
as a foundation upon which children build number knowledge and use of number symbols. 
 
Magnitude representations are generally assessed using magnitude comparison tasks (Rubinstein et 
al, 2002; Defever, et al, 2011; Defever et al, 2012). Two numbers are generally presented to the child 
and he/she must judge which is larger. Usually, children respond faster to number pairs that are 
numerically farther apart than closer together. This is known as the comparison distance effect.  
Murray and Mayer (1988) examined the development of number magnitude understanding in 3- to 4-
year-old children. They found that 3-year-old children were able to think about the magnitude of 
numbers below 9. They also had a general understanding that some numbers are small while others 
are large. Four-year-old children were more capable of distinguishing relative magnitudes of numbers 
ranked closer together (5 and 6 for example) and were able to distinguish between small (1), 
compared to larger numbers (greater than 4) in the set from 1-9.  
 
Interestingly, Defever and colleagues (2012) have found that children who struggle in number sense 
and numeration appear to have more difficulty matching numerical magnitude to the corresponding 
symbol. This underscores both the importance of cardinality and the role magnitude plays in 
mathematics achievement. 
 
Numerical Magnitude Representations 
Children represent numerical magnitude (Rubinsten, Henik, Berger, & Shahar-Shalev, 2002) in non-
symbol and symbol ways (Defever, et al., 2011). For symbolic representations (i.e., involving number 
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representations), children may assess magnitude using two different approaches (Rubinstein et al, 
2002). The first involves mapping the numbers onto an internal number line and then using this line to 
compare the numbers. The second is a memory-based process whereby children label Arabic 
numerals as being ‘large’ and ‘small’ and retrieve this information to compare them. Nuerk and 
colleagues (2004) have found that children process two-digit Arabic numbers differently. Younger 
children tend to process the decades (tens) and units (ones) sequentially while older children can do 
so more in parallel. Some research indicates that as children become more familiar with the 
manipulation of Arabic numerals, they become more adept at using a memory-based approach, while 
others suggest that a more holistic mental number line is used to assess magnitude even into 
adulthood (Dehaene, Dupoux, & Mehler, 1990). Currently, more evidence needs to be accumulated 
to support these postulations. 
 
The Importance of Numerical Magnitude for Arithmetic 
Numerical magnitude contributes to mathematics achievement in different ways (De Smedt, 
Verschaffel, & Ghesquiere, 2009; Holloway & Ansari, 2009). In their 2009 study, De Smedt and 
colleagues found that the ability to compare numerical magnitudes is predictive of children’s 
mathematics achievement as assessed through a general mathematics achievement test one year 
after the study. Holloway and Ansari (2009) also found a robust correlation between magnitude 
comparison and mathematics achievement in children, although this was only true when children 
used symbolic numerical comparisons and (i.e., non-symbolic was less predictive of math success). 
On the other hand, Lonnemann and colleagues (2011) found that both symbolic and non-symbolic 
numerical magnitude comparisons were positively associated with the development of arithmetic 
skills. Although more evidence needs to be gathered to sort out this contradiction, symbolic and non-
symbolic magnitude representations play a role in overall number sense and operations skills and 
understanding. 
 
Importantly, understanding numerical magnitude affects the learning of arithmetic (Booth & Siegler, 
2008; Lonnemann, Linkersdorfer, Hasselhorn, & Lindberg, 2011; Vabinst, Ghesquiere, & De Smedt, 
2012; Orrantia & Munez, 2013). Booth and Siegler (2008) found that the use of number lines for 
numerical magnitudes with first graders related directly to their learning of and performance in 
arithmetic. In this study, children were asked to represent numerical magnitude using a number line. 
Use of the number line correlated with children’s prior knowledge of addition, but also helped children 
in solving novel addition problems. Specifically, when the magnitudes of the addends and sums were 
visually represented on a number line, six-year olds were able to solve problems that were familiar 
and novel. This study underlines the importance of accurate visual representations of numerical 
magnitudes such as number lines to support arithmetic learning. 
 
To further underscore the importance of connecting magnitude of numbers to their Arabic symbols, 
Vanbinst and colleagues (2012) found that children who could access arithmetic facts faster from 
memory and were more capable with arithmetic procedures strategies also had a strong sense of the 
meaning (magnitude) of the number symbols they used. This finding held strong even after the 
researchers controlled for digit naming, intellectual ability, and general mathematics achievement. 
This tells us that understanding numerical magnitude supports arithmetic learning in the primary and 
junior grades, but the importance of magnitude understanding also supports arithmetic skills 
throughout life: In a study involving undergraduate students for example, Orrantia and Munez (2013) 
found that magnitude conceptions were activated when participants solved arithmetic word problems 
as adults. 
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Interventions to Improve Numerical Magnitude Understanding 
Perhaps the most fundamental question to ask is: Can we improve children’s access to numerical 
magnitude representations? The answer appears to be ‘yes’ based on interventions described across 
a number of high quality studies (White & Bull, 2008; Siegler & Ramani, 2009; Yang & Wu, 2010; 
Fischer, Moeller, Bientzle, Cress, & Nuerk, 2011). 
 
With very young children (mean age of 3.8 years, n=45), Whyte & Bull (2008) found that playing a 
linear board game significantly improved children’s understanding of several early number concepts 
including numerical magnitude. This finding was replicated in a follow-up study by Siegler & Ramani 
(2009) where children (mean age of 5.4 years, n=88) were asked to count on (from their current 
location) each time they advanced on the game board. They found that when children counted on 
while playing the linear board game, the participants’ understanding of numerical magnitudes and 
their performance on arithmetic problems improved. Kindergarten children who received a spatial-
numerical training program using number lines to improve their numerical magnitude knowledge 
performed better than the control group on a standardized mathematics achievement battery 
(Fischer, et al., 2010). In a Taiwanese study (Yang & Wu, 2010), 60 third grade children who received 
a number sense intervention in the classroom, which included emphasizing the absolute and relative 
magnitudes of numbers in problem contexts combined with math-talk opportunities, performed better 
than the control group on a mathematics achievement test. An example of absolute magnitude 
involves recognizing that 1,001 is greater than 999 since 1,001 is greater than 1,000 and 999 is not. 
Relative magnitude, for example, involves thinking about whether a 10 year old has lived more or less 
than 2000 days. In their research, Yang and Wu (2010) also identified four key components of a 
number sense framework, which is simple yet comprehensive: 1. Understanding the basic meaning of 
numbers and operations; 2. Recognizing absolute and relative value of numbers; 3. Being able to use 
a benchmark appropriately; and, 4. Judging the reasonableness of results. 

In summary, the above findings suggest that numerical magnitude knowledge can be improved 
through intervention and that doing so helps children perform better in arithmetic and general 
mathematics.   
 

 
Mathematical Reasoning about Quantitative Relationships 

 
Two forms of mathematical reasoning related to operations are typically addressed in the elementary 
years – additive and multiplicative reasoning. Developmentally, children usually acquire additive 
reasoning first and experience a transition to multiplicative reasoning as multiplication is introduced 
(Clark & Kamii, 1996).  Nevertheless, both of these forms of reasoning are foundational for more 
complex mathematics.  
 
Recent research has revealed that children experience difficulty with distinguishing whether to use 
additive or multiplicative reasoning when solving mathematical word problems (Fernandez, Llinares, 
Van Dooren, De Bock, & Verschaffel, 2012; Van Dooren, De Bock, & Verschaffel, 2010; Van Dooren, 
et al., 2005). This has been attributed to an overemphasis in teaching of the arithmetic algorithms or 
procedures involved instead of highlighting the underlying quantitative relationships between numbers 
or quantities.  
 
The essence of mathematics operations hinges on understanding quantitative relationships of 
numbers and being able to reason about them (Griffin, 2004). As we know, quantity is more than the 
symbolic numerals representing them. Understanding additive and multiplicative reasoning and the 
successful use of both relies on recognizing the underlying quantitative relationship between numbers 
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(Thompson, 1993) rather than the arithmetic operation used to manipulate the numbers. That is, 
recognizing how two quantities relate to one another (whether additively or multiplicatively) 
determines the arithmetic operation involved. 

 
What is Additive Reasoning? 
Additive reasoning refers to quantitative relationships whereby two or more quantities are associated 
via addition or subtraction (Van Dooren, et al., 2010). When children are thinking additively, they are 
considering the actions of (i) joining quantities; (ii) separating quantities; and (iii) comparing 
quantities. In the early years, an example of additive reasoning involves composing and decomposing 
numbers through simple addition and subtraction and examining the part-part-whole relationship 
between quantities. For example kindergarten children could examine the relationship between 
numbers via mathematical tools such as using 5 frames to determine all the possible ways to “make 
5” with two colours of counters (M4YC, 2012 go to www.tmerc.ca). Or it might involve using 10-
frames to add 7 and 6 where the child breaks apart the 6 in one frame, and adds three to the frame 
with 7 in it, leaving 3 left in the second frame. This strategy of breaking apart quantities to make 10 in 
one frame and 3 in the second (McGuire, Kinzie, & Berch, 2012) builds on the benchmark number 10 
and is known as BAMT (break apart to make 10) (see Clements & Sarama 2009).  
 
Additive reasoning persists throughout a students’ mathematics learning experiences, into more 
formalized mathematics. Many additive contexts can be summarized by the function: f(x) = x + a, 
where an invariant difference (a) can be found between two quantities and used to find the missing 
quantity. Additive problems are considered more complex when an initial quantity (x) is not given and 
one must reason additively to find the missing value by manipulating quantities to see relationships 
between the amounts given.  
 
In a story problem, additive reasoning can be used to find the sum or difference: 
I bought 5 candies from the store. My friend Bryan gave me some more so that I now have 20 
candies. How many candies did Bryan give me? 
By knowing the number of candies we started with (x) and the total quantity at the end (f(x)), we can 
reason additively to find the missing value (a) that allows us to arrive at 20 candies altogether such as 
20 =  ? + 5 (e.g., Bryan gave me 15 candies).  
 
Consider the following problem, which is more complex: 
Ann and Rachel are skating around a track. They skate equally fast, but Rachel started earlier. When 
Ann has skated 3 laps, Rachel has skated 12 laps. If Ann skates 6 laps, how many laps will Rachel 
have skated?” (p. 422; Fernandez et al., 2012) 
To find out how many laps Rachel skated when Ann has skated 6, we must first determine how many 
more laps Rachel has skated than Ann, since she started earlier. By finding the difference between 
12 and 3 (12 - 3 = ? or 3 + ? = 12), we find that Rachel has already skated 9 laps by the time Ann 
started. Therefore, when Ann has skated 6 laps, Rachel will have skated 15 (6 + 9 = 15). As shown, 
all the quantities in this problem are related additively via addition and subtraction because the 
relationship of laps skated by Rachel compared to Ann is additive (9 more). 
 
In a different variation with a similar additive structure, only one quantity is given and both the initial 
and total quantities are withheld. This requires children to focus on the quantitative relationships 
described in order to find the solution. For example: 
Alain is playing a game. He loses 6 counters. He plays a second time. After two games, he has 4 
counters less than in the beginning. Did he win or lose the second time, and by how much? (p. 133; 
Bednarz & Garnier, 1996).  
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Bednarz & Garnier (1996) found that children between 8-12 years of age in their study had immense 
difficulties with these kinds of additive problems. With much of the information missing regarding 
specific quantities, children have to reconstruct these relations themselves. Many children simply find 
the sum or difference from the numbers already given without consideration for how they are related 
quantitatively. Others report that they cannot solve such a problem since the initial quantity is not 
given. A small percentage of children (ages 11-12) do use successful strategies to solve the problem 
such as giving themselves a fictitious initial quantity to help them reason through the problem. Others 
understand the quantitative changes required throughout and can assess additively to figure out that 
if Alain has 4 counters less than in the beginning but had lost 6 counters in the first game, he would 
have won 2 in the second. This can be imagined using a number line fairly easily where any 6 
sequential whole number jumps to the left and then 4 whole number jumps to the right results in a 
difference of 2 (Alain won 2 counters). Nevertheless, according to the researchers, only 11% of the 
sixth graders were able to solve this problem.  
 
Overall, additive reasoning is used in the composition and decomposition of number and in 
comparing quantities (e.g., are 7 and 10 equal? Does one have more than the other? How many 
more does 10 have than 7?). Many students in the primary and junior grades struggle with more 
complex and flexible forms of additive reasoning (Verschaffel, et al., 1999; Bednarz & Garnier, 1996) 
where there are multiple missing values or the typical equation structure of a + b = c is not used.  
 
What is Multiplicative Reasoning? 
Multiplicative reasoning involves considering (and often acting upon) three quantities simultaneously: 
(i) the number of groups; (ii) the equal quantity in each group; and (iii) the total quantity or value. 
Consider the three related quantities in the following scenario: 
 
 
 

 
 
 
 
This type of mathematical reasoning forms the basis of multiplication and division operations. 
Recognizing the structure of pattern—even a simple repetition or an organization of dots —is central 
to the notion of unit of repeat and the development of composite units (Steffe, 1994). The role of 
unitizing (holding a unit structure in mind during operations) is central to multiplicative and additive 
reasoning as well as fractions understanding (considering fifths for example as 1 one-fifth, 2 one-
fifths, 3 one-fifths, etc helps us to see the equal quantities that make up three-fifths). Thus, patterning, 
even at a primitive level of skip counting, can play an important role in the development of 
multiplicative reasoning (Mulligan & Mitchelmore, 1997; Nunes, Bryant, Burman, Bell, Evans, & 
Hallett, 2009). 
 
Children typically start learning multiplication in the primary years and continue in the junior grades 
with the layering of division as well. Students are expected to apply this form of reasoning in more 
complex mathematical contexts in the upper elementary grades and beyond (Fernandez, et al., 2012; 
Van Dooren et al, 2010; Van Dooren, et al., 2005; Clark & Kamii, 1996) including as a central 
structure for linear growing patterns (Beatty & Bruce, 2012).  
 
Multiplication is sometimes taken-up or taught exclusively as the process of repeated addition (Van 
Dooren, et al., 2010; Van Dooren et al., 2005; Clark & Kamii, 1996). Although repeated addition is 
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3 bird nests, 4 eggs in each nest, 12 eggs in 
total 



related to multiplicative reasoning, it does not constitute the entire construct and may lead to 
confusion for students if it is the only way multiplication is defined in school mathematics. 
Multiplicative reasoning requires higher-order thinking at a higher level of abstraction than addition 
(Piaget, 1987). Therefore, although multiplicative reasoning can be related to repeated addition, it is 
also involved in other mathematical contexts such as when quantities are represented by ratios or 
rates, or as Cartesian products (a mathematical operation which returns a product set from multiple 
sets, such as in a grid that illustrates both the product of a set of rows and a set of columns). 
 
Two key laws of multiplication are the commutative property and distributive property (Squires, 
Davies, & Bryant, 2004).  The commutative property refers to the relationship that if a x b = c, then b x 
a = c (e.g., if 2 x 5 = 10 then 5 x 2 = 10). Consider how the arrays below show that 2x5 is the same as 
5x2: 
 
 
 
 
 
Now imagine a deck of cards organized into 4 piles of 13. The cards could be rearranged to be in 13 
equal piles of 4. The total number of cards (52) never changes and 4x13=13x4. 
 
The distributive property states that a(b+c) is the same as ab + ac. We can distribute a to b and a to c 
then perform two multiplications axb and axc or we can add b and c, then multiply by a. Distributing 
the multiplier of an equation is illustrated in this screen capture from Kahn Academy:   
 

 
(https://www.khanacademy.org/math/arithmetic/multiplication-division/ditributive_property/v/the-
distributive-property) 
 
The distributive law also allows us to break apart a number and multiply each addend separately and 
then add the products together to arrive at a total amount. For example: 
 
420 x 12 = ? 
Can be understood as  
420 x 10 = 4200 and 420 x 2 = 840 
Then we must add the products together 
4200+840=5040 
 
Understanding the commutative principle helps children master basic multiplication computation while 
acquiring understanding of the distributive law helps children solve more complex multi-digit 
multiplication problems. These ideas will be referred to again in the Arithmetic section of this literature 
review.  
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Using Multiplicative Reasoning for Rate and Ratio Situations 
In the upper elementary years, multiplicative reasoning is often applied in problem contexts involving 
ratios and rates where two or three quantities are given and students must solve for the missing 
value. (Fernandez, et al., 2012; Van Dooren et al, 2010; Van Dooren, et al., 2005; Fujimura, 2001; 
Clark & Kamii, 1996). Consider the following example: 
Grandma adds 2 spoonfuls of sugar to the juice of 10 lemons to make lemonade. How many lemons 
are needed if 6 spoonfuls of sugar are used? (p. 362; Van Dooren, et al., 2010).  
 
In this relatively simple recipe situation, there is co-variation between two quantities and multiplicative 
reasoning can be used efficiently to find the missing value (Van Dooren et al., 2010). This problem 
also requires proportional reasoning to compare the quantities. Below are some strategies we might 
use to consider this problem.  
A multiplicative unitizing strategy: One way to think about this problem is that for every two spoonfuls 
of sugar there is the juice of 10 lemons, therefore for every one spoonful of sugar there is the juice of 
5 lemons (1x5). The unit we are considering is groups of 5 lemons per spoonful of sugar. We must 
consider that 2:10 is the same ratio as 1:5. Since Grandma adds 2 spoonfuls of sugar to the juice of 
10 lemons (2x5) then she must use 30 lemons if she adds 6 spoonfuls of sugar (2:10 = 6:30). 6 
spoonfuls of sugar requires the juice of 30 lemons (6x5).  
Functional strategies: There are other ways to consider the quantity relationships in this problem: 
Students may use the internal ratios of sugar to sugar and lemons to lemons (i.e., 2:6 = 10: x). We 
can also use a functional approach by comparing the ratio of sugar to lemon juice (2:10 = 6: x). Note: 
we are still unitizing in the functional approach when finding the relationship between the spoonfuls of 
sugar and the number of lemons (1:5 = 6: x) but the functional relationship is in greater focus. 
Repeated addition unitizing strategy: It is also possible to use a repeated addition strategy in this 
particular context (i.e., 2+2+2 = 6 spoonfuls, therefore 10+10+10= 30 lemons). This strategy works 
well when ‘acting it out’ as an entry point. 
 
Although some children are able to solve these kinds of problems by successfully applying 
multiplicative reasoning, the existing literature indicates that the majority of children struggle to reason 
multiplicatively when confronted with context in word problems (Fernandez, et al., 2012; Van Dooren 
et al, 2010; Van Dooren, et al., 2005; Fujimura, 2001; Spinillo & Bryant, 1999; Clark & Kamii, 1996). 
These include problems similar to the one described above such as juice concentration to water 
comparisons.  
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Transitioning from Additive to Multiplicative Reasoning and the Underlying Difficulties 

The following chart summarizes one salient study (Jacob & Willis, 2001) that documented some of 
the observed stages in additive and multiplicative reasoning. 
 
One to 
One 
Counting 

Additive 
Composition 
 

Many to One 
Counting 
 

Multiplicative 
Relations 
 

Operate the Operator 
 

 
One to one 
correspond
ence 
without 
connecting 
to total 
amount 

Count as a 
permanent 
indicator of the 
quantity or 
amount; 
rearrangements do 
not change 
amounts or 
quantity 
 
In multiplicative 
terms, the 
consequence of 
this thinking is that 
if children 
recognize equal 
groups they are in 
a position to take 
advantage of the 
groups to count 
more efficiently 
using skip counting 
and repeated 
addition. However, 
they may still need 
to lay out the items 
in the groups out 
before they skip 
count or 
repeatedly add to 
find out how many. 
They do not yet 
understand that 
groups themselves 
can be counted. 
Their focus is on 
the multiplicand 
and they do not 
understand the 
role of the 
multiplier. 

When children 
understand that 
groups can be 
counted and 
that they can 
keep track of 
two things at 
once — the 
number of 
groups and the 
total of the 
number in each 
group — they 
are in this 
phase. They 
can hold two 
numbers in their 
head at once 
and double 
count. Children 
now know that 
they can 
represent one 
group and count 
repetitions of 
that same 
group. 

When children 
come to know that 
multiplicative 
situations involve 
three aspects: 
groups of equal 
size (a 
multiplicand), 
numbers of groups 
(the multiplier), 
and a total amount 
(the product), and 
can coordinate the 
grouping structure 
in both 
multiplication and 
division problems 
prior to carrying 
out the count, they 
are in this phase. 

When children can operate 
on variables in algebraic 
situations and operate on 
operations they are in this 
phase. Among other things 
it means that they can 
flexibly use factors in order 
to produce a multiplication 
number sentence that is 
easier to calculate. It also 
means that they can 
multiply the multiplier. See 
Schmidt and Weiser 
(1995) for the multiplication 
problem type they call the 
structure of composition of 
operators: During the first 
year of life Otto the 
elephant triples his weight 
at birth. In his second year 
he doubles his weight. 
What multiple of his birth 
weight has he got at the 
end of his second year of 
life? (p. 60)  

Table 3. From Additive to Multiplicative Thinking - Adapted from: Jacob & Willis (2001) 
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The transition from additive to multiplicative reasoning is a slow and often difficult process for children 
(Clark & Kamii, 1996). Researchers have found that in the early primary years, children display an 
overreliance on additive reasoning and over-apply it across almost all mathematical contexts, 
including those that require multiplicative reasoning (Dooren, et al., 2010). The opposite occurs in the 
upper elementary years when children start to overgeneralize their newly developed use of 
multiplicative reasoning. In a recent longitudinal study, Fernandez and colleagues (2012) found that 
this trend continues into secondary school. The misuse of both additive and multiplicative reasoning 
throughout the grades may indicate that the learner has not developed a solid understanding of these 
two types of reasoning and has difficulty differentiating the contexts in which one or the other could be 
used. 
 
Let’s examine two more questions to better distinguish between additive and multiplicative reasoning: 
Example 1. Additive or multiplicative reasoning can be used  
In the case of a picnic blanket with squares in the form of a grid, we might ask: How many squares on 
the picnic blanket?  

     
     
     
     
     
     

 
One child might suggest counting each individual square. Another child might use the array to add 
each row of 5 (5+5+5+5+5+5) or each column of 6 (6+6+6+6+6). These are productive additive 
reasoning strategies. Multiplication could be a more efficient strategy if the child recognizes that 6 
rows of 5 is the same as the area of 6x5 or that 5 columns of 6 squares is the same as 5x6.  
 
Example 2. Multiplicative reasoning is required 
In the example of the Fish Pellets task (Jacob & Willis, 2001, p. 313) children were given a problem 
that required multiplicative reasoning. The child was shown two yellow fish the same shape but with 
one much bigger, and two blue fish also the same shape as each other but with one much bigger 
than the other. They were asked: This fish (point to small yellow fish) needs 3 pellets of food, but this 
fish (point to large yellow fish) is much bigger and needs 4 times that amount. How many pellets 
should we feed to this fish (point to large yellow fish)?  Then they moved to the blue fish and asked: 
This large blue fish (point to large blue fish) needs nine pellets of food. This is three times as much as 
this little fish needs (point to small blue fish). How many pellets should we feed to the little fish?  
[Note: The fish were not made available for the children to handle in this task, however Moss (2013) 
developed a lesson study task where the children compare different lengths of snakes and the 
number of pellets they need to eat – Shortie needs 4 pellets each day, how many do you think Tallie 
will need?] 
In this example, the task itself is structured to push students to think multiplicatively in order to make 
sense of the ratio of pellets to fish. Careful selection of tasks is an obvious implication here if we wish 
to assist students in developing their multiplicative reasoning. 
 
Fernandez et. al. (2012) suggest that children have difficulty reasoning multiplicatively due to an 
exclusive focus on number and arithmetical aspects of mathematical problems rather than paying 
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attention to the underlying quantitative and proportionate relationships connecting the numerical 
values (see also Fujimura, 2001; Spinillo & Bryant, 1999; Thompson, 1993).  This is reinforced in 
exercises where students are systematically taught to underline the important information in a 
problem – essentially the numbers, when the proportional aspects and number relationships of the 
problem are somewhat invisible or require inference (and most often cannot actually be underlined). 
Furthermore, many math curriculum resources provide word problems that reinforce only one 
structure at a time, with a series of questions that substitute superficial contexts. In these isolated 
practice problems, students ignore contextual cues in order to perform the algorithm they are 
practicing. This does little to help students think flexibly or to support transitions between and from 
additive and multiplicative reasoning.  
 
 

Arithmetic 
Arithmetic Readiness  
Arithmetic readiness has implications for later mathematics performance. In a five-year longitudinal 
study with 177 children, Geary (2011) revealed that early arithmetic development is a significant 
predictor for mathematics achievement in the later elementary years. Specifically, the ability to 
decompose numbers and use skilled counting to solve simple addition problems is highly correlated 
with success in arithmetic and mathematics in general. Solidifying number sense in the early years, 
as emphasized in the Early Number Concepts section of this literature review, lays the groundwork 
for arithmetic.  
 
In simplest terms, arithmetic involves the manipulation of numbers through adding, subtracting, 
multiplying, and dividing. Preschool children are capable of performing approximate arithmetic (such 
as demonstrating understanding of the concept of more) without formal instruction (Barth, Beckman, 
& Spelke, 2008). Like adults, the children in this study (n=50) performed better on addition tasks 
versus subtraction. This study provides evidence that young children use an approximate numerical 
system to perform non-symbolic arithmetic, upon which formal / learned arithmetic is founded.  
 
As number and simple arithmetic are formally introduced, young children rely on invented strategies 
to solve arithmetic problems (Resnick, 1989). For example, they use counting and elementary forms 
of tallying to find the total number of items in different scenarios. Cross-culturally and from a young 
age, children demonstrate simple understanding of various arithmetic principles such as the 
commutative principle and the complementarity of addition and subtraction. The important point to 
remember here is that young children bring a wealth of mathematical knowledge with them into their 
formal education and it makes sense to build on this prior knowledge as children develop their 
arithmetic skills.  
 
In this section, we arrive at the discussion of the operations (understanding addition, subtraction, 
multiplication and division) that are developed from the concepts presented up to this point in the 
literature review. 
 
Arithmetic: More than just Operations 
Although arithmetic is often only equated with addition, subtraction, multiplication, and division facts; 
on a deeper level, it involves understanding complex relationships between quantities. Becoming 
highly skilled at arithmetic requires the development of number sense alongside procedural and 
factual knowledge (Baroody & Dowker, 2003) as well as the mathematical principles that govern how 
the operations are related to one another. These principles will be described in greater detail in the 
‘Addition and Subtraction’ and ‘Multiplication and Division’ sections of this literature review.  
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Concepts and Procedures are Part of Operations 
In recent years, a comprehensive body of literature shows that conceptual understanding and 
procedural knowledge of arithmetic develop hand in hand (Andersson, 2010; Canobi, 2009; Gilmore 
& Papadatou-Pastou, 2009). In fact, strong conceptual understanding of arithmetical relationships has 
been found to be a significant predictor of procedural ability (Canobi, et al., 1998). In a study 
examining children’s addition problem solving, Canobi found that children with strong conceptual 
understanding were able to solve addition word problems more quickly and accurately. They were 
also more flexible in their application of problem-solving strategies. Carpenter and colleagues (1998) 
have also found that children with strong number sense developed more effective and accurate 
invented strategies and outperformed the control group who were taught formal algorithms 
exclusively. The studies of Boaler (see 2006 Railside School studies) confirm the claim that problem-
based learning which embeds both concepts and procedures in rich learning contexts is more 
powerful than procedural text-based skills-exclusive programs for older students as well. It is 
important to examine the different cognitive variables that play a role in the acquisition of arithmetic 
knowledge and skills depending on how mathematics is presented to students. For example, in a 
study involving 312 third grade students, Fuchs and colleages (2006) investigated the cognitive 
correlates (predictive thinking skills) of third-grade arithmetic. They found that phonological decoding 
and processing speed were predictors of arithmetic performance for word problems. When it came to 
arithmetic word problem performance, concept formation, sight word efficiency, and language ability 
were significant predictors. In contrast, in non-language laden math contexts, the ability to process 
and store visual spatial information in working memory, executive function, and general processing 
speed were all associated with arithmetic performance in third and fourth-grade children (Andersson, 
2010).  A most recent study (Farmer et al, 2013) tracking three-year olds to age five found that 2D 
and 3D spatial reasoning (as measured with 2D and 3D figures replication tasks) was in fact a better 
predictor of arithmetic success than language (as measured by the Peabody) and that spatial 
reasoning was a greater predictor of arithmetic success at age five than arithmetic skills (as 
measured by the EMAS) at age three. This finding is still preliminary but points clearly to the fact that 
although researchers and educators have been studying arithmetic for a century, there is still much to 
uncover. 
 

Addition and Subtraction 
 
Key Addition and Subtraction Principles 
From the early elementary years, children are introduced to formal addition and subtraction (Canobi, 
2005; Canobi, et al., 2003). As part of this introduction, children learn key principles that underlie the 
relationship between these two operations. Key addition and subtraction principles are: 

1) The equality principle, which indicates that the quantities represented on both sides of the 
equal sign are of the same total value 

2) The adding commutative principle, which indicates that when adding numbers together, they 
can be moved around (root word: commute) without affecting the sum. More precisely, the 
order in which two or more numbers are added is mathematically irrelevant and yields an 
identical sum (i.e., a+b=c and b+a=c) 

3) The subtraction complement principle, which states that if a+b=c, then c-b=a or c-a=b 
(Baroody, et al., 2009). That is, a or b can be determined by considering what can be added to 
c to make either of these amounts 

4) The subtraction negation principle, which is understanding that any amount subtracted from 
itself would yield a result of zero (a-a=0) 

5) The subtractive identity principle, which states that if zero is subtracted from an amount, it will 
remain the same (a-0=a) 

 
Curriculum and Learning Resources Policy Unit                                            Page 15 of 30 

 



The first principle in the set of 5 is the concept of equality: two quantities on either side of an equals 
sign are of the same value as one another. Although this concept is introduced in the elementary 
years, many children have difficulty understanding it (McNeil, et al., 2012; Knuth, et al., 2006). Some 
children understand the equal sign to be a symbol that announces the solution to an arithmetic 
problem. In a recent study involving 177 middle school children, Knuth and colleagues found that 
most of these participants lacked clear understanding of mathematical equivalence represented by 
the equal sign. Furthermore, equal sign understanding was found to be associated with success at 
equation problem solving, which would explain the participants’ relatively low performance across the 
measures. The principle of equality is a foundational concept for algebraic thinking and supports 
students in making sense of composing and decomposing number to find equivalent expressions 
(sometimes involving addition and subtraction).  
 
In order to understand principles 2 through 5, children must first have a part-whole schema (which 
refers to understanding that a whole can be made up of x number of parts) for relating numbers 
(Resnick, 1992) and the ability to compose and decompose numbers. The principles then act as 
permissions and constraints that determine how parts relate to one another and to the whole in an 
addition or subtraction context. As children’s understanding of addition and subtraction improves, they 
incorporate increasingly complex part-whole relationships into their schema (Canobi, 2005). For 
example, most children start constructing addition and subtraction situations by using physical 
manipulatives and their ability to solve addition and subtraction problems are generally constrained by 
context (Fuson, et al., 1997). With improved knowledge of part-whole relationships, they start to 
recognize that the addends can be embedded in the total as being parts of it. Finally, with more 
experience, most children develop an understanding that the addends are equivalent to the total even 
if they are just looking at an algorithmic equation without the presence of physical objects. Therefore, 
children’s success in addition and subtraction is associated with their understanding of part-whole 
relationships and how these relationships are governed by the principles outlined above.  
 
Research reveals that young children typically acquire the additive commutative principle before any 
of the other principles indicating that they understand that numbers can be combined in different 
orders first (Canobi, 2005; Canobi, et al., 2003; Canobi, et al., 1998). One explanation as to why 
formal addition concepts are acquired before subtraction is that even very young children understand 
the concept of “more than” and treat this as an adding structure. Further, there is a greater 
instructional emphasis on adding in the early years of schooling. In her study on addition and 
subtraction, Canobi (2005) also argues that the additive commutative principle may act as a 
foundation upon which children build their understanding of subtraction principles (i.e., children must 
first recognize that a whole is made from adding up the parts, before taking away or subtracting from 
a whole).  
 
The inversion principle (a+b=c and c-b=a) has been the focus of much mathematics educational 
research and is deemed to be one of the most important principles for children to understand 
(Gilmore & Papadatou-Pastou, 2009; Nunes, et al., 2009; Robinson & Dube, 2009; Gilmore & Spelke, 
2008; Canobi, 2005). The inversion principle helps students understand how addition and subtraction 
relate to one another. Gilmore and Spelke (2008) examined 69 five-year olds across 3 experiments, 
to assess their understanding of inversion using arrays of dots. They found that without any formal 
mathematics training, young children were able to use the inversion principle to solve simple 
arithmetic problems with the dots (non-symbolic). Canobi (2005) found that most young children 
between the ages of 5 and 7 years could only conceptualize the inversion principle as numbers that 
‘cancel each other out’ and had difficulty applying the principle in problems. However, by the age of 9, 
Nunes and colleagues (2009) found that students can apply an addition structure to help them solve 
subtraction problems and vice versa by using the inversion principle: Nunes and colleagues (2009) 
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developed an intervention to teach a sample of 5-year-old and a sample of 8-year-old children the 
inversion principle. They found that although the intervention was successful with the 8-year-old 
group, results were mixed for the 5-year-old group.  
 
Multi-digit Addition and Subtraction 
Multi-digit addition and subtraction involves the addition and subtraction of numbers greater than 10. 
It is introduced in the primary grades and typically from Grade 2 onwards (NCTM, 2013, The Ontario 
Mathematics Curriculum, 2005). Alongside the different addition and subtraction principles, children 
must also be conceptually competent in the base-ten value system since the numbers they are 
operating upon now represent larger quantities (Fuson, et al., 1997). 
 
In order to provide effective instruction that emphasizes understanding of multi-digit addition and 
subtraction, it is important to understand how children conceptualize multi-digit numbers and apply 
their schemas to adding and subtracting multi-digit numbers. A deep understanding of these schemas 
helps educators accommodate for different learning needs as well as unearth misconceptions that 
children may harbor.  
 
English-speaking young children typically have a unitary multi-digit conception (Fuson, et al., 1997). 
That is, they can match the number word to the quantity that it represents, but cannot differentiate the 
different place values or groupings within that quantity. Around age 4.5, children begin to identify the 
decade structure in number words and can start to separate decades from ones and recognize that 
they represent different parts of the whole. This leads to a sequence-tens and ones conception 
whereby children learn how to count by 10 and can separate quantities into groups of ten. When 
children reach the separate tens and ones conception, they can then use single digit numbers to 
represent groups of ten. Finally, when children integrate sequence with separate ten conceptions, 
they gain more flexibility in terms of being able to shift between counting groups of tens and ones 
units while determining a quantity.  
 
When adding or subtracting multi-digit numbers, children rely on a variety of strategies that range in 
sophistication (Fuson, et al., 1997).  For example, one strategy is a decomposition method whereby 
children decompose the addends into tens and ones and then add/subtract these separately before 
combining them. A strategy that is specific to multi-digit subtraction is the use of indirect addition 
(Torbeyns, et al., 2009). For example, in the case of 24-13=11, the answer can be found by 
determining how much is added to 13 to make 24.  
 
Why Children May Experience Difficulty 
Unfortunately, many children hold the misconception that multi-digit numbers are simply a series of 
concatenated single digits (i.e., the number 13 signifies 1 and 3, just as snowball is snow and ball) 
instead of recognizing the base-ten structure. This misconception can be further cemented when 
children use a column approach to adding or subtracting multi-digit numbers. Consider the following 
typical organization of an addition question and how a child might avoid considering place value 
conceptually: 
 
   14 4 and 3 are 7  

+23 1 and 2 are 3  
 the 3 goes left and the 7 goes right    

Although in some circumstances, a child may arrive at a correct answer, this lack of attention to place 
value (the meaning of the digits and their relative position) generally becomes more problematic when 
adding or subtracting quantities that require carrying or borrowing where there is interaction between 
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the digits in different columns using this standard algorithm. Again rote memorization of the ‘steps to 
find and answer’ does not resolve this lack of understanding. 
 
Compared to their East Asian counterparts, North American children seem to have more difficulty with 
the base-ten system (Fuson & Kwon, 1992). In their study on multi-digit addition and subtraction, 
Fuson and Kwon found that Korean children were more competent in both types of operations and 
were highly knowledgeable about the value of ones, tens, and hundreds places in the numbers 
presented. Linguistic factors likely contribute in part to the performance gap. In many languages, 
including Korean, Chinese, and Japanese, numbers after ten are simply represented as being ‘ten-
one’, ‘ten-two’, ‘ten-three’, etc. That is, the grouping-by-ten nature of numbers is highlighted in 
number names. Conversely, in English and French, we use idiosyncratic words such as ‘eleven’, 
‘twelve’, ‘thirteen’, ‘onze’, ‘douze’, etc. to represent some of the ten-structured numbers. This naming 
system requires children to learn more number words without a pattern repeat and without connection 
to base-ten. Another issue centres on the methods for using base-ten blocks to teach place value 
(Fuson & Briar, 1990). Although these blocks serve as effective conceptual models, they act as a 
representation that is static, and there is often a disconnect between using these manipulatives and 
applying this knowledge to multi-digit numbers (and even moreso to multi-digit addition and 
subtraction). Other classroom learning resources and texts may emphasize rule-based algorithms 
instead of helping children explore and understand the base ten-structure of quantities when adding 
or subtracting them.  
 
Programs that focus on solidifying children’s understanding of the base-ten system and the 
relationship between addition and subtraction before and alongside procedural skill building hold 
promise (Sun & Zhang, 2001; Fuson & Kwon, 1992).  
 
 

Multiplication and Division 
 
Multiplication is a mathematical operation whereby the total quantity is determined through examining 
equal sets of items or joining equal groups (NCTM, 2013; Yoshida, 2009). At its most basic level, 
multiplication can be considered, but is not limited to repeated addition. That is, a group of x items is 
repeatedly added to arrive at the total number of groups. When treating multiplication as repeated 
addition, 3 groups of 6 can also be understood at 6 + 6 + 6. 
 
But multiplication can also be represented by rectangular arrays and as a Cartesian product (Mulligan 
& Mitchelmore, 1997).  In this case, 3 groups of 6 can be understood visually as: 
 

   
   
   
   
   
   

3 columns x 6 rows 

 
 
The inverse operation of multiplication is division. Division refers to the process of partitioning a whole 
into equal parts. One way to consider division with the example above is to think of a region of 18 m2 
that can be partitioned (or divided) into three equal parts that are 1x6 m2.  
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Children are typically formally introduced to multiplication and division in the third grade (NCTM, The 
Ontario Mathematics Curriculum, 2005). In the earlier primary grades, young children will have 
already started building experiences of skip counting (a version of repeated addition or multiplication) 
and sharing equal portions (a version of division). By Grade 3, students become familiarized with 
formal multiplication and division operations and begin learning the number facts associated with 
these operations.  
 
Stages of Multiplication and Division 
Wright, Martlan & Stafford (2006) developed a detailed continuum of levels to describe stages of early 
development through to comprehensive knowledge of multiplication and division based on their 
research: 
  
Level 1:  Initial Grouping 
"Uses perceptual counting (that is, by ones) to establish the numerosity of a collection of equal 
groups, to share items into groups of a given size (quotitive sharing), and to share items into a 
given number of groups (partitive sharing). - Items are visible and student counts by ones." p. 
120-121 
Level 2:  Perceptual Counting in Multiples 
"Uses a multiplicative counting strategy to count visible items arranged in equal groups. - 
Counting strategies are more advanced than those used in level 1. These counting strategies fall 
into three categories - Perceptual Rhythmic Counting, Perceptual Double Counting, Perceptual 
Skip Counting." p. 122 
Level 3:  Figurative Composite Grouping 
"Uses a multiplicative counting strategy to count items arranged in equal groups in cases where 
individual items are not visible." -child has developed counting strategies which do not rely on 
items being visible and which do not involve counting by ones.  E.g., if the child is presented with 
four groups of three counters, where each group is separately screened (covered over), the child 
may use skip counting by threes to determine the number of counters in all (three, six, nine, 
twelve).  From the child's perspective, each of the four screens symbolizes a collection of three 
items but the individual items are not visible." (all quotes from p. 123) 
Level 4:  Repeated Abstract Composite Grouping 
"Counts composite units in repeated addition or subtraction, that is, uses the composite units a 
specified number of times. -child has constructed a conceptual structure labeled an 'abstract 
composite unit' in which the child is simultaneously aware of both the composite and unitary 
aspects of three for example.  The child can use repeated addition to solve multiplication tasks 
and repeated subtraction to solve division tasks, and can do so in the absence of visible or 
screened (covered) items.  On a multiplicative task involving six groups of three items, in which 
each group is separately screened, the child is aware of each group as an abstract composite 
unit." p. 123-124 
Level 5: Multiplication and Division as Operations 
"Can regard both the number in each group and the number of groups as a composite unit.  Can 
immediately recall or quickly derive many of the basic facts for multiplication and division.-the 
child can coordinate two composite units in the context of multiplication or division.  In a task 
such as six threes or six groups of three, for example, the child is aware of both six and three as 
abstract composite units, whereas at Level 4 the child is aware of three as an abstract composite 
unit but is not aware of six as an abstract composite unit.  The child at Level 5 can immediately 
recall or quickly derive many of the basic facts of multiplication and division and may use 
multiplication facts to derive division facts.  At level 5, the commutative principle of multiplication 
(e.g., 5x3=3x5) and the inverse relationship between multiplication and division are within the 
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child's zone of proximal development.   Thus, for example, the child might be aware that six 
threes is the same as three sixes and might use 4x8=32 to work out 32/4." p.125 

 
Children’s Mental Schemas  

Another way to understand the progression of reasoning for multiplication and division, that shows 
overlap with the Wright, Martlan & Stafford continuum, is to consider the mental schemas that direct 
the multiplication and division strategies children use when solving problems (Hickendorff, et al., 
2010; Mulligan & Mitchelmore, 1997). Intuitive mental schemas for multiplication include: 1) direct 
counting (i.e., counting all items in each group to find the total), 2) repeated addition (repeatedly 
adding the group of items by the number of groups), and 3) multiplicative operations (which involve 
the direct retrieval of multiplicative facts to engage in more complex multiplicative reasoning). Intuitive 
mental schemas for division include: 1) direct counting, 2) repeated subtraction, 3) repeated addition 
(i.e., using repeated addition to establish equal groups as a way to solve a division problem), and 4) 
reversed multiplication operations (use of division facts to divide but also to connect to multiplication 
relationships).  
 
Working memory (short term memory) is also involved in solving multiplication and division problems. 
Central executive memory (the system that manages where and how information is stored) has been 
found to play a significant role in both the retrieval of multiplication and division facts and also in non-
retrieval strategies used by children (Brauwer & Fias, 2009; Imbo & Vandierendock, 2007; Lemaire & 
Siegler, 1995). Specifically, in non-retrieval situations where we are working out a solution to an 
arithmetic question, phonological working memory (which holds information in speech formations for 
one or two seconds) is used to store partial steps as we work towards a final solution, and then we 
quickly release these memories once the step is complete. This is especially relevant for multi-digit 
multiplication and division where direct retrieval is difficult or nearly impossible. For example, when 
dividing, an intermediate step is often inserted where we first convert the division problem into 
multiplication and then retrieve the answer.  Once this step is complete, we no longer need to hold 
that step in mind. Memory updating is a related cognitive process known to be involved in mental 
arithmetic performance. It is used to replace older, irrelevant information with newer, relevant 
information (in essence, ‘updating’ one’s memory) while operating on numbers.   
 
 

Computational Fluency 
 
Success in arithmetic requires computational fluency. Computational fluency refers to being able to 
accurately and efficiently find the solution to arithmetic problems mentally or through written solutions 
(Mabbott & Bisanz, 2008). Computational fluency involves the solidification of children’s conceptual 
understanding of number and the relationships between them (Baroody, 2006; Griffin, 2003). In a 
study examining computational fluency of 259 second and third grade children, Cowan and 
colleagues (2011) recently found that computational fluency was highly correlated with number 
sense. That is, children who excelled at computational fluency also demonstrated a strong 
understanding of number.  
 
Typically, children progress through three stages as their computational fluency improves (Baroody, 
2006). The first stage involves the use of counting strategies. As discussed in earlier sections, 
counting is one of the first strategies young children use to solve simple arithmetic problems. The 
second stage involves the employment of reasoning strategies such as ‘break apart to make 10” 
(BAMT), and the third stage refers to the mastery of simple arithmetic where children retrieve facts 
from memory in an accurate and efficient manner. As children progress through these stages, they 
draw on a range of cognitive resources to engage in computational fluency. In particular, working 
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memory and processing speed affect computational fluency performance.  Computational fluency 
also requires a strong conceptual understanding of number, patterns in numerical relationships, and 
how the different arithmetic operations are related to one another (Baroody, 2006). Educators can 
cultivate computational fluency by focusing on these three elements in their instruction. For example, 
McNeil and colleagues (2012) describe a computational fluency intervention whereby arithmetic facts 
were organized to promote the idea of equivalent values (e.g., 2+5=7; 3+4=7; 1+6=7). Not only did 
this intervention improve children’s computational fluency, it also facilitated their understanding of 
equivalence, which is an especially important concept for early algebraic thinking.  
 
Improved accuracy and speed in mental arithmetic performance leads to increased efficiency when 
solving complex, multi-step mathematics problems. In contrast, there is evidence that adolescents 
and adults who rely on their early conceptions of and schema for magnitude and quantity (which are 
centrally important in the primary and junior grades of school) without developing this later mental 
arithmetic capacity, underperform in mathematics compared to their peers who have strong mental 
arithmetic fluency (De Smedt et al., 2010; Price, Mazzocco & Ansari, in press). Again, it is important 
to underline that the time invested in developing deep understanding of number and operations in the 
first years of schooling support the ability to achieve mental arithmetic abilities and computational 
fluency. For example, there is evidence to show that we tacitly use magnitude-based information to 
facilitate our mental calculations (Nys & Content, 2010): In their recent study, Nys and Content found 
that participants often begin a calculation by selecting and operating on the largest addend. 
Cognitively, starting from the largest addend connects to the analogical number representation 
system that tells us this number is closest to the sum. Increased practice also leads to improved 
direct retrieval (Imbo et. al., 2007). This development of a ‘cognitive network’ for arithmetic facts 
(Imbo, et al., 2007; Rickard, et al., 1994) enables arithmetic proficiency.  
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